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GLOBAL, NON-SCATTERING SOLUTIONS TO THE ENERGY CRITICAL
YANG-MILLS PROBLEM
MOHANDAS PILLAI
Abstract
We consider the Yang-Mills problem on R1`4 with gauge group SOp4q. In an appropriate equivariant
reduction, this Yang-Mills problem reduces to a single scalar semilinear wave equation. This semilinear
equation admits a one-parameter family of solitons, each of which is a re-scaling of a fixed solution. In this
work, we construct a class of solutions, each of which consists of a soliton whose length scale is asymptotically
constant, coupled to large radiation, plus corrections which slowly decay to zero in the energy norm. Our class
of solutions includes ones for which the radiation component is only “logarithmically” better than energy
class. As such, the solutions are not constructed by apriori assuming the length scale to be a constant.
Instead, we use an approach similar to a previous work of the author regarding wave maps. In the setup
of this work, the soliton length scale asymptoting to a constant is a necessary condition for the radiation
profile to have finite energy. An interesting point of our construction is that, for each radiation profile, there
exist one-parameter families of solutions consisting of the radiation profile coupled to a soliton, which has
any asymptotic value of the length scale.
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2 MOHANDAS PILLAI
1. Introduction
We consider the Yang-Mills equation in 4`1 dimensions, with gauge group SOp4q. This equation
can be described by a gauge field, A, which is a LiepSOp4qq-valued one-form on R4`1. We write
A “ Aµdxµ, where, for each µ, Aµ is a LiepSOp4qq-valued function, defined on R4`1. Defining F ,
a LiepSOp4qq-valued two-form on R4`1 by
F “ 1
2
Fµνdx
µ ^ dxν , Fµν “ BµAν ´ BνAµ ` rAµ, Aνs
the Yang-Mills equation can be written as
´BtF0ν ´ rA0, F0νs `
4ÿ
µ“1
pBµFµν ` rAµ, Fµνsq “ 0, for ν “ 0, 1, 2, 3, 4
where 0 on the right-hand is the zero in LiepSOp4qq. The Yang-Mills equation has the conserved
energy
EYang-Mills “ ´ 1
48π2
ż
R4
Tr pFµνpt, xqFµνpt, xqq dx
The equation is invariant under the scaling symmetry
Aµpt, xq Ñ λAµpλt, λxq
The components of F transform under this symmetry as
Fµνpt, xq Ñ λ2Fµνpλt, λxq
which means that the energy EYang-Mills is invariant under the scaling symmetry, because the
equation is considered in 4 spatial dimensions. The Yang-Mills equation is also invariant under
gauge transformations, which are transformations of A of the form
Aµ Ñ gAµg´1 ´ Bµgg´1
where g : R1`4 Ñ SOp4q.
Small energy global well posedness for the p4 ` 1q dimensional Yang-Mills problem was estab-
lished by Krieger and Tataru, [12]. In addition, the works of Tataru and Oh, [2], [3], [4], [5], [6],
established a threshold theorem and dichotomy theorem for this problem, with any compact, non-
abelian gauge group.
With the equivariant ansatz (see also [19], [16])
Ai,jµ pt, xq “
`
δiµx
j ´ δjµxi
˘ˆupt, |x|q ´ 1
|x|2
˙
, 0 ď µ ď 4, 1 ď i, j ď 4
the Yang-Mills equation reduces to
(1.1) ´ Bttu` Brru` 1
r
Bru` 2up1´ u
2q
r2
“ 0
The energy EYang-Mills reduces to the following energy, which is conserved by (1.1).
(1.2) EYM pu, Btuq “ 1
2
ż 8
0
ˆ
pBtuq2 ` pBruq2 ` p1´ u
2q2
r2
˙
rdr
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The equation (1.1) admits a soliton solution, namely upt, rq “ Q1prq “ 1´r21`r2 . In addition, for any
λ ą 0, Qλprq “ Q1prλq is a solution. We will study perturbations of Q 1
λptq
, and it will turn out
that the “main” component of such perturbations will involve solutions to the following linear wave
equation
(1.3) ´ Bttu` Brru` 1
r
Bru´ 4
r2
u “ 0
The formally conserved energy for this equation is
Epu, Btuq “ 1
2
ż 8
0
ˆ
pBtuq2 ` pBruq2 ` 4u
2
r2
˙
rdr
Our goal in this work is to construct global, non-scattering solutions to (1.1). For the 1-equivariant,
critical wave maps equation with S2 target, such solutions with topological degree 0 or 1, and energy
in an appropriate range were classified in [20], [21]. As remarked in Appendix A of [20], and remark
4 of [21], the methods used in this classification result also apply to (1.1). Our procedure will then
be similar to that of the previous work of the author, [18]. In particular, our solutions will involve
a modulated soliton Q 1
λptq
coupled to radiation, and our procedure to construct these solutions will
be to find a precise relation between the radiation and the dynamics of λptq. To describe our main
result, we define the following set of functions.
For b ą 2
3
, let Fb denote the set of functions f such that there exists M ą 50, and Cf,k ą 0,
such that
f P C8prM,8qq, |f pkqptq| ď Cf,k
tk logbptq , for t ěM and k ě 0
The class of radiation profiles of our solutions can be labelled by Fb in the following way. For
f P Fb, we have
(1.4) yv1,1pξq “ 8
3πξ2
ż 8
0
pψ ¨ fq1ptq
t
sinptξqdt
(where ψ is an unimportant cutoff function defined before (4.5)), and the radiation profile v1 is
given by $’&’%
´Bttv1 ` Brrv1 ` 1rBrv1 ´ 4v1r2 “ 0
v1p0q “ 0
Btv1p0q “ v1,1
In order to describe the leading order behavior of λptq, we introduce the following family of functions.
For b ą 2
3
, let Λb denote the set of functions λ0 for which there exists Tλ0 ą 50 such that λ0 P
C8prTλ0 ,8qq, and the following two conditions hold: Firstly, there exists f P Fb such that
(1.5)
λ20ptq
λ0ptq “
f 1ptq
t
, t ě Tλ0
Secondly,
(1.6) λ0ptq ą 0, |λ
1
0ptq|
λ0ptq ď
C
t logbptq , t ě Tλ0
4 MOHANDAS PILLAI
The condition
λ20ptq
λ0ptq “
f 1ptq
t
, rather than simply the symbol type estimates, is imposed so as to
guarantee that the radiation profile of our solution has finite energy, see (4.5). Note that the above
conditions on λ0 imply that λ0ptq Ñ λ1 ą 0 as t Ñ 8, despite the fact that some λ0 P Λb (for
b ď 1) satisfy ż 8
t
ż 8
x
|λ20psq|
λ0psq dsdx “ 8
To see this, we write
fptq “ ´ lim
MÑ8
ż M
t
sλ20psq
λ0psq ds “ ´ limMÑ8
ż M
t
d
ds
pλ10psqs´ λ0psqq
λ0psq ds, t ą Tλ0
Integrating by parts and using the assumptions on
|λ10psq|
λ0psq , and the fact that b ą 23 , we see that
lim
MÑ8
logpλ0pMqq ă 8
Despite the fact that any λ0 P Λb is asymptotically constant, we do not directly use this fact in any
quantitative estimates of the terms in our ansatz, and their associated error terms. For estimating
the radiation profile, we use
λ20ptq
λ0ptq “
f 1ptq
t
, but for the entirety of the rest of the argument, we only
use the symbol-type estimates on
λ10ptq
λ0ptq (which can be satisfied by non-asymptotically constant λ0).
In particular, our solutions are constructed using a similar argument to the previous work of the
author regarding wave maps, [18], rather than assuming apriori that λptq is asymptotically constant.
Before we state our main result, we remark that, given any f P Fb, there exists Tλ0 ą 50, and
a one-parameter family of λ0 P Λb satisfying (1.5) and (1.6). This can be seen as follows. Given
f P Fb, we can first find ω satisfying
ω1ptq ` ωptq2 “ f
1ptq
t
, |ωptq| ď C
t logbptq , t ě N
(where N ą 50 is sufficiently large) with a fixed point argument. By inspection of this equation,
ω P C8prN,8qq. Then, we can define Tλ0 “ N ` 1, and let λ0 be given by
λ0ptq “ c exp
ˆż t
N`1
ωpsqds
˙
, t ě N ` 1, any c ą 0
Then, we have (1.6) and (1.5).
An interesting feature of our solutions is that the radiation profile depends only on f (as per
the formula for v1,1 given above) which is invariant with respect to multiplying λ0 by a constant.
As we just showed, there is a one-parameter family of λ0 P Λb, corresponding to a given f P Fb.
In particular, our family of solutions includes functions of the form Q 1
λptq
prq ` v1pt, rq ` op1q, for a
one-parameter family of possible asymptotic values of λptq, and the same v1.
Our main result is
Theorem 1.1. For all b ą 2
3
and f P Fb, let λ0 be any element of Λb satisfying (1.5). Then, there
exists T0 “ T0pλ0q and a finite energy solution, u, to (1.1), with the following properties.
upt, rq “ Q 1
λptq
prq ` v1pt, rq ` vept, rq
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where λptq P C4prT0,8qq
´Bttv1 ` Brrv1 ` 1
r
Brv1 ´ 4
r2
v1 “ 0, Epv1, Btv1q ă 8
Epve, Btveq ă C
log4b´2ptq , t ě T0
and
λptq “ λ0ptq p1` eptqq
where, for some ǫ0 ą 0, we have
|epkqptq| ď C
tk logǫ0ptq , k ě 0
Remark 1. The initial data for v1 in the theorem statement is explicit in terms of f P Fb, as noted
above.
Remark 2. For 2
3
ă β ă α ă 1, we can let
fptq “ sinplog
αptqq
logβptq , t ě 50
Then, f P Fb for any 23 ă b ă β. We then carry out the procedure discussed before the main
theorem, to recover a λ0 P Λb satisfying (1.5) and (1.6). In this case, we have
λ10ptq
λ0ptq „
´α logα´1ptq cosplogαptqq
t logβptq
Since 1` β ´ α ă 1, this gives rise to λ0 P Λb withż 8
t
|λ10psq|
λ0psq ds “ 8
Nevertheless, as pointed out earlier in a more general context, λ0 is asymptotically constant.
Remark 3. By choosing
fptq “ 1
logbptq , t ě 50, b ą
2
3
we can show (see (4.5)) that
yv1,1pξq “ 8
3πξ logbp1
ξ
q `O
˜
1
ξ logb`1p1
ξ
q
¸
, ξ Ñ 0
which shows that we can have radiation whose initial velocity has quite a large singularity at
low frequencies. In fact, the condition for the radiation to have finite energy in our setting isyv1,1pξq P L2pp0,8q, ξdξq. The initial velocity therefore satisfies this condition only “logarithmi-
cally”.
6 MOHANDAS PILLAI
Remark 4. A more precise set of estimates on e is as follows. In terms of the parameters δ, δj
defined later on in the paper, we have
|eptq| ď C
logδ´δ2ptq , |e
kptq| ď
$’’&’’%
C
tk log1`δ´δ2ptq , k “ 1, 2
C
t3 logb`δ4ptq , k “ 3
C
t4 logb`δ5ptq , k “ 4
(1.7)
Now, we review previous related works. As mentioned before, the work [12] established small
energy global well-posedness for the p4` 1q dimensional Yang-Mills problem. Regarding the large
energy global well posedness of the Yang-Mills equation in 4 ` 1 dimensions, the works of Tataru
and Oh, [2], [3], [4], [5], [6], established a threshold theorem and dichotomy theorem for the p4`1q-
dimensional Yang-Mills equation, associated to any compact, non-abelian gauge group.
As previously mentioned, our procedure in this paper is similar to that used in the previous work
of the author, [18]. That work constructed infinite time blow-up solutions to the energy critical,
1-equivariant wave maps problem with S2 target, with a symbol class of possible asymptotic be-
haviors of the soliton length scale, λptq. The main difference in this work is that the initial data
of our radiation is much more singular at low frequencies. This leads to extra technical difficulties
related to the slow decay of the radiation, v1, and leads to λ0ptq being asymptotically constant for
large t.
The work [11] constructs finite time blow-up solutions to the same wave maps problem just men-
tioned, by also understanding the relation between a prescribed radiation field and the dynamics of
the soliton length scale, in the context of finite time blow-up. (The problem of finite time blow-up
for this wave maps equation has also been studied in the preceeding works [8], [19], [15], [1], [13]).
Another key reference for our work is the paper of Krieger, Schlag and Tataru [16], which constructs
finite time blow-up solutions to the same equation considered here, (1.1). In our argument, we use
the “distorted Fourier transform” of [16], as well as related techincal information, most importantly,
the transference identity of that paper. For completeness we also mention that there is an analog
of [16] for the energy critical, focusing semilinear wave equation in R1`3, namely [17].
Regarding other constructions of non-scattering solutions to (1.1), the work [10] (which also ap-
plies to other energy critical wave equations) constructed two bubble solutions to (1.1). The work
[22] constructed infinite time blow-up and infinite time relaxation solutions to the focusing, energy
critical semilinear wave equation on R1`3. Finally, the work [7] constructed global solutions to
the energy critical wave maps problem with S2 target associated to a codimension two manifold
of data. Also, given that our result can be interpreted as some form of stability of the soliton un-
der perturbations, we mention the work [14], which constructed a stable manifold for the quintic,
focusing semilinear wave equation in R1`3, centered around the Aubin-Talentini soliton solution.
1.1. Acknowledgements. The author thanks his adviser, Daniel Tataru, for suggesting the prob-
lem, and many useful discussions. This material is based upon work partially supported by the
National Science Foundation under Grant No. DMS-1800294.
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2. Notation
We will make use of the following notation. It will be slightly more convenient for our purposes
to modify the usual definition of xxy as follows.
xxy “
a
502 ` x2
The elliptic part of the linear wave equation obtained by linearizing (1.1) around Q1 is
´Brru´ 1
r
Bru´ 2
r2
`
1´ 3Q1prq2
˘
u
As noted in [19], this operator can be expressed as L˚L, for
(2.1) Lpfq “ ´f 1prq ` 2
ˆ
1´ r2
1` r2
˙
fprq
r
which has the formal adjoint on L2prdrq given by
(2.2) L˚pfq “ f 1prq ` 2
ˆ
1´ r2
1` r2
˙
fprq
r
` fprq
r
We denote by φ0, the eigenfunction of L
˚L, with eigenvalue 0.
φ0prq “ r
2
p1` r2q2
Note that this definition of φ0 is a factor of
?
r different from that of [16], because part of [16]
studies the conjugation of L˚L by 1?
r
.
As mentioned above, the linear wave equation (1.3) will be important for our work, and there-
fore, we will make use of the Hankel transform of order 2, which will be denoted by
pfpξq “ ż 8
0
fprqJ2prξqrdr
3. Summary of the proof
As mentioned earlier, the method is similar to that used by the author in [18]. The argument
can be split broadly into two steps: constructing an ansatz, and then completing this ansatz to an
exact solution. These two steps are explained in more detail below.
1. Strategy for constructing the ansatz For b ą 2
3
, we start by taking some f P Fb, and
λ0 P Λb satisfying (1.5). Then, we let λptq (which will be chosen later) be any function of the form
λptq “ λ0ptq p1` eptqq
where e is small in a C2 sense, and consider first, u1pt, rq “ Q 1
λptq
prq ` v1pt, rq, where v1 solves$’&’%
´Bttv1 ` Brrv1 ` 1rBrv1 ´ 4v1r2 “ 0
v1p0q “ 0
Btv1p0q “ v1,1
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and v1,1 is yet to be chosen. We will choose v1,1, depending on λ0, so that the principal part of the
error term of our final ansatz (which is more complicated than u1) is orthogonal to φ0
´
¨
λptq
¯
, for
a choice of λptq which is equal to λ0 to leading order. In order to further describe how we choose
the initial data of v1, let us note that substituting u “ u1 ` u2 into (1.1) gives the equation
´ Bttu2 ` Brru2 ` 1
r
Bru2 `
2u2pt, rq
ˆ
1´ 3Q2 1
λptq
prq
˙
r2
“ e1pt, rq :“ BttQ 1
λptq
´
6
ˆ
1´Q2 1
λptq
˙
v1
r2
`
6Q 1
λptq
pv1 ` u2q2
r2
` 2 pv1 ` u2q
3
r2
(3.1)
The function u1 is not our final ansatz. However, computing the inner product of its error term
with φ0
´
¨
λptq
¯
still allows us to see how to choose v1,1. The u2-independent terms on the right-
hand side of the above equation which contribute to leading order to xept, Rλptqq, φ0pRqyL2pRdRq are
the soliton error term BttQ 1
λptq
and the linear error term associated to v1, which is ´
6
˜
1´Q2 1
λptq
¸
v1
r2
.
Compared with [18], we do not need a correction analogous to the one denoted by v1 in that paper,
since BttQ 1
λptq
P L2pp0,8q, rdrq in this setting, and we therefore have a simpler modulation equation.
We compute the inner product of the linear error term associated to v1 in the same way done in
[18], except using the Hankel transform of order 2, this time. We have
v1pt, rq “
ż 8
0
dξJ2prξq sinptξqyv1,1pξq
and ż 8
0
24R3
p1`R2q4λptq2J2pRλptqξqdR “
ξ3λptq
2
K1pξλptqq
(which follows from combining identities from [9]). We can therefore compute
(3.2) x´
6
ˆ
1´Q2 1
λptq
˙
v1
r2
ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq “ ´
ż 8
0
sinptξqyv1,1pξqξ3λptq
2
K1pξλptqqdξ
We have an extra factor of ξλptq inside the integral, relative to the analogous integral in [18]. This
leads toyv1,1pξq being roughly a factor of 1ξ worse at low frequencies ξ, relative to the initial velocity
for the radiation in [18]. In addition to causing technical difficulties associated to very slow decay
of the radiation v1, this also constrains λ0ptq to asymptote to a constant for large t, in order that
the radiation has finite energy. (In addition to our discussion in the introduction, see (4.5) and the
discussion afterwards for more details). We also have
xBttQ 1
λptq
ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq “
2λ2ptq
3λptq
The modulation equation that we use to choose λptq is not simply to set the sum of these two inner
products equal to zero, since we will need more to add more corrections to our ansatz. However,
the leading order contribution to the modulation equation is indeed given by the sum of these two
terms. Therefore, we choose the initial data of v1 so as to make the sum of these two inner products
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vanish to leading order when λptq “ λ0ptq. We recall that λ
2
0ptq
λ0ptq “
f 1ptq
t
, t ě Tλ0 , and extend this
to a function pψfq
1ptq
t
defined on r0,8q with a cutoff ψ (whose properties are not so important, as
long as ψpxq “ 1 for x large enough, and which is defined prior to (4.5)). Then, we let
yv1,1pξq “ 8
3πξ2
ż 8
0
pψ ¨ fq1ptq
t
sinptξqdt
We have ψpxq “ 1 for x ě 2Tλ0 , which gives, by the inversion of the sine transform, thatż 8
0
sinptξqyv1,1pξqξ2
2
dξ “ 2
3
λ20ptq
λ0ptq , t ě 2Tλ0
This will be sufficient to allow λ0ptq to be a leading order solution to the eventual modulation
equation for λ. In particular, in our setting, we can replace K1pξλptqq appearing in (3.2) by 1ξλptq
(recall that K1pxq “ 1x `O px logpxqq , xÑ 0) to get the leading order behavior of the integral as
a function of t.
As described earlier, the singularity of yv1,1pξq for small ξ causes techinal difficulities, in part due
to the fact that v1 has a very slow (
1
logbprq) decay for large r. Recall also that Q1prq “
1´r2
1`r2 . In
particular, Q does not decay at infinity. Therefore, the quadratic and cubic nonlinear error terms
involving v1 are very far from having sufficient decay for large r, in order that the rest of our
argument can be carried out. Our first correction to improve these error terms is denoted by v2,
which solves the following equation with 0 Cauchy data at infinity.
´Bttv2 ` Brrv2 ` 1
r
Brv2 ´ 4
r2
v2 “
6Q 1
λptq
prq
r2
v21 `
2
r2
v31
On the other hand, v2, only decays logarithmically better than v1, and its nonlinear interaction
with v1 as well as its interactions with itself are not perturbative. Therefore, we successively add
corrections, vj, which solve
´Bttvj ` Brrvj ` 1
r
Brvj ´ 4
r2
vj “ RHSjpt, rq
where
RHSjpt, rq “
6Q 1
λptq
prq
r2
¨˝˜
j´1ÿ
k“1
vk
¸2
´
˜
j´2ÿ
k“1
vk
¸2‚˛` 2
r2
¨˝˜
j´1ÿ
k“1
vk
¸3
´
˜
j´2ÿ
k“1
vk
¸3‚˛
“
6Q 1
λptq
r2
˜
2
j´2ÿ
k“1
vkvj´1 ` v2j´1
¸
` 2
r2
¨˝
3
˜
j´2ÿ
k“1
vk
¸2
vj´1 ` 3
j´2ÿ
k“1
vkv
2
j´1 ` v3j´1‚˛
(3.3)
and prove that the series
vs :“
8ÿ
j“3
vj
(as well as the series resulting from applying any first or second order derivative termwise) converges
absolutely and uniformly on the set tpt, rq|t ě T1, r ě 0u, where T1 is some sufficiently large number.
Moreover, we get that
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´ Bttvs ` Brrvs ` 1
r
Brvs ´ 4
r2
vs
“
6Q 1
λptq
r2
´
2v1 pv2 ` vsq ` pv2 ` vsq2
¯
` 2
r2
´
3v1 pv2 ` vsq2 ` 3v21 pv2 ` vsq ` pv2 ` vsq3
¯
Let vc “ v1 ` v2 ` vs. Then, the only error term of the refined ansatz
u3pt, rq “ Q 1
λptq
prq ` vcpt, rq
is
BttQ 1
λptq
´ 6vc
r2
ˆ
1´Q2 1
λptq
prq
˙
which has roughly two powers of r improved decay compared with the nonlinear error terms in-
volving v1.
It turns out that even this major improvement over the ansatz u1 still does not have an error
term with sufficient decay in the r variable. In order to rectify this, we introduce a length scale
gptq, and eliminate the portion of the u3 error localized to the region r ě gptq. On one hand, we
can not have gptq too small, since doing so would change the leading order behavior of the inner
product of the error term of the final ansatz, which is not desired. On the other hand, we can
not have gptq too large, since the whole purpose of the next set of corrections is to improve the
large r decay of the error term of u3. We therefore find an intermediate scale gptq which suffices
for our purposes, and add a first correction, w2 which improves the error term of u3. On the other
hand, there are now nonlinear interactions between w2 and the previous corrections, which, due to
the slow decay of v1, are not perturbative. Similarly to the case with vk, we add another series of
corrections
ws “
8ÿ
k“3
wk
to eventually eliminate all the nonlinear error terms involving wj and vk. If we let wc “ w2 ` ws,
then, we end up with our final ansatz
u5pt, rq “ Q 1
λptq
prq ` vcpt, rq ` wcpt, rq
The error term of u5 is then decomposed as F4`F5, exactly as in [18], where F5 is sufficiently small
in sufficiently many norms so as to allow it to be eventually treated perturbatively, even though it
will end up not necessarily being orthogonal to φ0p ¨λptq q. We have
F5pt, rq “
ˆ
1´ χď1p2r
t
q
˙¨˚˚˝´6
ˆ
1´Q2 1
λptq
prq
˙
r2
wcpt, rq
‹˛‹‚
where χď1 is a cutoff whose properties are unimportant for the purposes of this discussion. The
smallness of F5 is more precisely
||F5pt, Rλptqq||L2pRdRq ď
Cλptq3
t5 logb´2ptq
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||L˚L pF5pt, Rλptqqq ||L2pRdRq ď
Cλptq5 log2ptq
gptq2 logbptqt5
where we recall that L has been defined in the notation section. We then choose λptq so that the
term F4pt, rq is orthogonal to φ0p ¨λptqq. Unlike in [18], the principal part of the equation for λptq is
simply a second order ODE, rather than a Volterra equation of the second kind in the unknown λ2.
Once we solve this equation for λ, we then prove that λpkq has symbol-type estimates for 1 ď k ď 4.
As in [18], it is important that, in addition to being orthogonal to φ0p ¨λptq q, F4pt, rq has symbol-type
estimates. We have
F4pt, rq “
ˆ
1´ χě1p r
gptq q
˙ˆ
B2tQ 1
λptq
prq ´ 6vcpt, rq
r2
ˆ
1´Q2 1
λptq
prq
˙˙
` χď1p2r
t
q
¨˚
˚˝´6
ˆ
1´Q2 1
λptq
prq
˙
r2
wcpt, rq
‹˛‹‚
In particular, after choosing λptq, we get, for 0 ď j, k ď 2, and j ` k ď 2,
|rkBkr tjBjtF4pt, rq| ď C1trďgptqu
r2λptq2
t2 logbptqpλptq2 ` r2q2
` C
1trď t
2
uλptq2
pλptq2 ` r2q2
$&%
r2λptq2 logptq
t2gptq2 logbptq , r ď gptq
λptq2 logptq
t2 logbptq
´
logp2` r
gptq q ` logptqlogbptq
¯
, gptq ă r ă t
2
(3.4)
and
(3.5) xF4pt, Rλptqq, φ0pRqyL2pRdRq “ 0
2. Completion of the ansatz to an exact solution of (1.1) To complete the ansatz u5 to an
exact solution of (1.1), we use the same approach as in [18]. In particular, we substitute u “ u5` v
into (1.1), and use the “distorted Fourier transform” of [16], which we denote as F to recast the
resulting equation for v into one for y, given by
Fp?¨vpt, ¨λptqqqpt, ξq “
«
y0ptq
y1pt, ξλptq2 q
ff
Here, we use the same convention as [16], in terms of denoting Fpfq as a two component vector. The
first entry in this vector is xf,?rφ0prqyL2pdrq. (Note that there is a notational difference between
φ0 in this paper and φ0 in [16]). The choice of re-scaling in y1, exactly as in [18] is explained by
noting that the resulting system of equations for y0 and y1 takes the form„ ´Btty0
´Btty1 ´ ωy1

“ F2 ` F
`?¨ pF3 ` F4 ` F5q pt, ¨λptqq˘ `ωλptq2˘
where F2 contains perturbative terms depending on y and Bty, some of which are estimated using
the transference identity of [16], and F3 contains other linear and nonlinear error terms depending
on vpyq. We solve this equation by finding a fixed-point of the map T given by
T p
„
y0
y1

qpt, ωq “
«
´ ş8
t
ds
ş8
s
ds1 pF2,0 ` F p
?¨ pF3 ` F4 ` F5q ps1, ¨λps1qqq0qş8
t
dx
sinppt´xq?ωq?
ω
`
F2,1px, ωq ` F p
?¨ pF3 ` F4 ` F5q px, ¨λpxqqq1
`
ωλpxq2˘˘
ff
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where the subscripts i after, for example F2, or F p
?¨ pF3 ` F4 ` F5q px, ¨λpxqqq mean the i ` 1st
component of the vector, for i “ 0, 1. T is defined on a space Z, whose norm is precisely given in
(5.6), but is roughly a weighted L8t L2ω norm of y and Bty. Our norm on Z is roughly one derivative
stronger than the analogous norm used for iteration in [18]. The most delicate terms on the right-
hand side of the above equation are those involving F4. Because of the orthogonality condition on
F4, we have
F
`?¨ pF4q ps1, ¨λps1qq˘0 “ 0
On the other hand, for the second component of the vector equation above, we (just like in [18])
treat the F4 term by integrating by parts in the x variable, using both the fact that
F
`?¨ pF4q px, ¨λpxqq˘1 pξq Ñ 0, ξ Ñ 0
(which follows from the orthogonality condition on F4) and the fact that F4 has symbol-type esti-
mates. The other terms in the equation above can be estimated without such a delicate argument.
4. Construction of the ansatz
Let b ą 2
3
, f P Fb, and λ0 P Λb satisfying (1.5). We will have to introduce some constants
and parameters to describe our setup. Let T0 ą exp
´
900! ` 2´ 32p2b´1q
¯
p1` Tλ0q, let 0 ă ǫ ă
mint3b´2
1600
, 2b´1
200
, 1
900000
, b
900
u, and define
(4.1) δ “ mint2b´ 1, 3b ´ 4ǫ´ 2, 5b ´ 8ǫ´ 3u
Note that δ ą 0, because b ą 2
3
, and because of the constraints on ǫ. Also, 1` δ ą b. Let
δ2 “ mint1
2
pδ ` 1´ bq , δ
2
u
Define a Banach space X to be the set of functions e P C2prT0,8qq satisfying ||e||X ă 8, where
(4.2) ||e||X “ sup
těT0
´
|eptq| logδ´δ2ptq ` |e1ptq|t log1`δ´δ2ptq ` |e2ptq|t2 log1`δ´δ2ptq
¯
Until more precisely chosen, λ denotes any function of the form
(4.3) λptq “ λ0ptq ¨ p1` eptqq , e P B1p0q Ă X
In particular, since 1` δ ´ δ2 ą b, we have
|λ1ptq|
λptq ď
C
t logbptq ,
|λ2ptq|
λptq ď
C
t2 logbptq
For later use, let gptq “ λptq logb´2ǫptq. By the definition of g, constraints on λ0, and (4.3), there
exists M1 sufficiently large so that
(4.4) logptq ě 2| logpgptqq|, t|g
1ptq|
gptq ď
1
900!
,
t
gptq ě 1600, for t ěM1
Then, we further constrain T0 to satisfy T0 ą exp
´
900! ` 2´ 32p2b´1q
¯
p1` Tλ0q `M1.
The main result of this section is the following theorem concerning the existence of an approx-
imate solution to (1.1).
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Theorem 4.1 (Approximate solution to (1.1)). For all b ą 2
3
, f P Fb, and all λ0 P Λb satisfying
(1.5), there exists T3 ą 0 such that for all T0 ą T3, there exists vcorr P C2prT0,8q, C2pp0,8qqq and
λ P C4prT0,8qq, such that, if
upt, rq “ Q 1
λptq
prq ` vcorrpt, rq
then
EYM pu, Btuq ă 8, ´Bttu` Brru` 1
r
Bru` 2up1´ u
2q
r2
“ ´F4pt, rq ´ F5pt, rq
where
||F5pt, Rλptqq||L2pRdRq ď
Cλptq3
t5 logb´2ptq , ||L
˚L pF5pt, Rλptqqq ||L2pRdRq ď
Cλptq5 log2ptq
gptq2 logbptqt5
xF4pt, Rλptqq, φ0pRqyL2pRdRq “ 0
For 0 ď j, k ď 2, and j ` k ď 2,
|rkBkr tjBjtF4pt, rq| ď C1trďgptqu
r2λptq2
t2 logbptqpλptq2 ` r2q2
`C
1trď t
2
uλptq2
pλptq2 ` r2q2
$&%
r2λptq2 logptq
t2gptq2 logbptq , r ď gptq
λptq2 logptq
t2 logbptq
´
logp2` r
gptqq ` logptqlogbptq
¯
, gptq ă r ă t
2
λ is given by
λptq “ λ0ptq p1` eptqq
|eptq| ď C
logδ´δ2ptq , |e
kptq| ď
$’’&’’%
C
tk log1`δ´δ2ptq , k “ 1, 2
C
t3 logb`δ4 ptq , k “ 3
C
t4 logb`δ5 ptq , k “ 4
, δ, δj ą 0
Finally,˜
||2vcorrpt, RλptqqQ1pRq ` v
2
corrpt, Rλptqq
R2λptq2 ||L8R ` supRě1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R2
¸
` sup
Rě1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
R2λptq2
¸
` sup
Rď1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R
¸
` sup
Rď1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2
¸¸
ď C
t2 logbptq
4.1. The Cauchy data for the radiation v1. Let ψ P C8pr0,8qq satisfy
ψpxq “
#
0, x ď Tλ0
1, x ě 2Tλ0
, and 0 ď ψpxq ď 1, x ě 0
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Then, t ÞÑ ψptqfptq, apriori only defined on rTλ0 ,8q, extends to a smooth function on r0,8q. Note
that
λ20ptq
λ0ptq “
pψ ¨ fq1ptq
t
, t ě 2Tλ0
Finally, we define v1,1 by specifying its Hankel transform of order 2:
(4.5) yv1,1pξq “ 8
3πξ2
ż 8
0
pψ ¨ fq1ptq
t
sinptξqdt
As in [18], this definition is made so as to allow λptq “ λ0ptq to be a leading order solution to the
eventual modulation equation for λ. We then have
yv1,1pξq “ 8
3πξ2
ż 1
ξ
0
pψfq1 ptq
t
tξdt` 8
3πξ2
ż 1
ξ
0
pψfq1 ptq
t
psinptξq ´ tξq dt` 8
3πξ2
ż 8
1
ξ
pψfq1 ptq
t
sinptξqdt
(4.6)
which gives
(4.7) |yv1,1pξq| ď C
ξ logbp1
ξ
q , ξ ď
1
4
Note that the first term of (4.6) is where we use the condition that
λ20ptq
λ0ptq “
f 1ptq
t
, |fptq| ď C
logbptq , t ě Tλ0
This condition, along with b ą 2
3
guarantees that yv1,1 P L2pp0,8q, ξdξq. (We will see shortly thatyv1,1pξq is rapidly decreasing for large ξ). Since v1,1 will end up being the initial velocity of our
radiation component of the solution, v1, this implies that v1 has finite energy. In fact, regardless of
how one chooses to extend
λ20ptq
λ0ptq from a function defined on, say r2Tλ0 ,8q to one defined on r0,8q,
a necessary (but in general insufficient) condition for yv1,1 P L2pp0,8q, ξdξq is that
lim
ξÑ0
ż 1
ξ
2Tλ0
λ20ptq
λ0ptq tdt ă 8
(In particular, the limit has to exist). Repeating the same computation done in the introduction,
before the main theorem statement, we again get
lim
ξÑ0
logpλ0p1
ξ
qq ă 8
which implies that, in our setting, λ0ptq asymptoting to a non-zero constant for large t is necessary
for the radiation v1 to have finite energy.
Continuing our estimates, for each k ě 1, there exist constants Cj,k such that
Bkξ
ˆ
pψfq1 pσ
ξ
q
˙
“
k`1ÿ
j“2
pψfqpjq pσ
ξ
qσj´1Cj,k
ξk`j´1
GLOBAL, NON-SCATTERING SOLUTIONS TO THE ENERGY CRITICAL YANG-MILLS PROBLEM 15
To estimate |Bkξ
`
ξ2yv1,1pξq˘ | for k ě 1, in the region ξ ď 14 , it suffices to consider the case ξ ď 4Tλ0 ,
since
|Bkξ
`
ξ2yv1,1pξq˘ | ď Ck, 4
Tλ0
ď ξ ď 1
4
In the case Tλ0ξ ď 4, we let σ “ tξ in the integral definingyv1,1, and differentiate under the integral
sign. Then, we use the support properties of ψ, and treat the integral over σ P rTλ0ξ, 4s and p4,8q
seperately. Hence, for some constant Ck, whose value may change from line to line:
(4.8) Bkξ
`
ξ2yv1,1pξq˘ “ 8
3π
k`1ÿ
j“2
Cj,k
ξk`j´1
ż 4
Tλ0ξ
pψfqpjq pσ
ξ
qσj´1dσ ` Errpξq
where
|Errpξq| ď C
k`1ÿ
j“2
ż 4
Tλ0ξ
Cj,kCjσdσ
logbpσ
ξ
qξk´1 `
k`1ÿ
j“2
Cj,k
ξk´1 logbp1
ξ
q
ď Ck
ξk´1 logbp1
ξ
q , ξ ď
4
Tλ0
By induction, for j ě 1,ż b
a
pψfqpjq pxqxj´1dx “ p´1qj´1pj ´ 1q!
j´1ÿ
q“0
p´1qq
q!
bq pψfqpqq pbq, if pψfqpnq paq “ 0, for n ě 0
Using this fact, and the support properties of ψ, we return to (4.8) and (4.7) and get, for k ě 0,
(4.9) |Bkξ
`
ξ2yv1,1pξq˘ | ď Ck
ξk´1 logbp1
ξ
q , ξ ď
1
4
Finally, for k ě 1,
Bkξ
`
ξ2yv1,1pξq˘ “ 8
3π
k`1ÿ
j“2
ż 8
0
pψfqpjq pσ
ξ
q
ξk`j´1
Cj,kσ
j´2 sinpσqdσ
implies
(4.10) |Bkξ
`
ξ2yv1,1pξq˘ | ď Cpk,Nq
ξk`4N
, ξ ą 1
4
, N ě 1, k ě 0
In total, for k ě 0, there exists some constants Ck, Cpk,Nq, such that
(4.11) |Bkξ
`
ξ2yv1,1pξq˘ | ď
$&%
Ck
ξk´1 logbp 1
ξ
q , ξ ď
1
4
Cpk,Nq
ξk`4N , ξ ą 14 , N ě 1
4.2. Estimates on v1. We define v1 to be the solution to the following Cauchy problem
(4.12)
$’&’%
´Bttv1 ` Brrv1 ` 1rBrv1 ´ 4v1r2 “ 0
v1p0q “ 0
Btv1p0q “ v1,1
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From (4.5), we have
(4.13)
4pψ ¨ fq1ptq
3t
“
ż 8
0
sinptξqyv1,1pξqξ2dξ, t ě 0
Then, we consider r ď t
2
, and have
v1pt, rq “
ż 8
0
sinptξqJ2prξqyv1,1pξqdξ “ r2
6π
ż π
0
sin4pθqdθ
ż 8
0
ξ2 psinpξt`q ` sinpξt´qqyv1,1pξqdξ
“ 2r
2
9π
ż π
0
sin4pθq
ˆpψ ¨ fq1pt`q
t`
` pψ ¨ fq
1pt´q
t´
˙
dθ
(4.14)
where
t˘ “ t˘ r cospθq ě t
2
, for r ď t
2
So,
(4.15) |v1pt, rq| ď Cr
2
t2 logbptq , r ď
t
2
With the same procedure, we get, for 0 ď j, k ď 2
(4.16) |Bkr Bjt v1pt, rq| ď C
r2´k
t2`j logbptq , r ď
t
2
Because of the singularity of yv1,1pξq for small ξ, v1 does not decay like 1?r for large r. On the
other hand, its derivatives do decay like 1?
r
near the cone, because of their improved low frequency
behavior. Using the same procedure as in [18], we get
(4.17) |v1pt, rq| ď
$&%
Cr2
t2 logbptq , r ď
t
2
C
logbprq , r ě t2
For our purposes, it will suffice to use the following estimates on derivatives of v1. For 1 ď j ` k,
and 0 ď j, k ď 2,
(4.18) |Bjt Bkr v1pt, rq| ď
$&%C
r2´k
t2`j logbptq , r ď t2
C?
r logbpxt´ryqxt´ry 12`j`k´1
, r ą t
2
To establish (4.18) in the region r ě t
2
, we first use the same argument as in [18] to prove
(4.19) |Bjt Bkr v1pt, rq| ď
C?
r
, r ě t
2
, 1 ď j ` k ď 2
Then, we get
Btv1pt, rq “
ż 8
0
J2prξqξ cosptξqpv1,1pξqdξ
Using |J2pxq| ď Cx2, x ď 1, as well as the large x asymptotics of J2pxq, we get
(4.20) Btv1pt, rq “ Errpt, rq ` F pt´ rq?
r
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with
|Errpt, rq| ď C
r logbprq , r ě
t
2
and
F pxq “ ´1
2
?
π
ż 8
0
a
ξyv1,1pξq pcospxξq ` sinpxξqq dξ
Then, inserting 1 “ χď1pω2pt´ rqq ` 1´ χď1pω2pt´ rqq into the integral below, where
(4.21) χď1pxq P C8pRq, 0 ď χď1pxq ď 1, χď1pxq “
#
1, x ď 1
2
0, x ě 1
we get
|
ż 8
0
cosp|t´r|ξq
a
ξyv1,1pξqdξ| “ | ż 8
´8
cosp|t´r|ω2qyv1,1pω2qω2dω| ď Ca|t´ r| logbp|t´ r|q , |t´r| ě 50
We then use the above result, along with (4.19) in the region |r ´ t| ă 50. The sin term in the
expression for F , and the other derivatives of v1 are treated similarly.
4.3. Estimates on v2, the first iterate. v2 is defined as the solution to
(4.22) ´ Bttv2 ` Brrv2 ` 1
r
Brv2 ´ 4
r2
v2 “
6Q 1
λptq
prq
r2
v21 `
2
r2
v31 :“ RHS2pt, rq
with 0 Cauchy data at infinity. Now, we record estimates on RHS2, and its various derivatives.
For 0 ď j, k ď 2,
(4.23) |Bjt BkrRHS2pt, rq| ď
Cr2´k
t4`j log2bptq , r ď
t
2
(4.24) |RHS2pt, rq| ď C
r2 log2bprq , r ě
t
2
(4.25) |BtRHS2pt, rq| ` |BrRHS2pt, rq| ď C
r5{2
axt´ ry logbprq logbpxt´ ryq , r ě t2
(4.26)
|BtrRHS2pt, rq| ` |B2tRHS2pt, rq| ` |B2rRHS2pt, rq| ď
C
r5{2 logbprqxt´ ry3{2 logbpxt´ ryq , r ě
t
2
Note that, although the expression for (for instance) BtrRHS2 includes a term involving Btv1Brv1,
and estimates for both Btv1 and Brv1 only have a factor of 1logbpxt´ryq , as opposed to a factor of
1
logbprq , we still obtain the stated estimates above. This is because
1?
r logbpxt´ ryq ď
C
logbprqaxt´ ry , r ą t2
which can be proven by noting that
x ÞÑ
?
x
logbpxq is increasing for x ą e
2b
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and
1
r
ď 1|t´ r| , r ą
t
2
In addition, we remark that, for any a ą 0, there exists Ca ą 0 such that
(4.27) λptq ď Cata
(which follows from |λ
1ptq|
λptq ď Ct logbptq and b ą 23). This is used (for some fixed, sufficiently small
a ą 0) to estimate some terms involving t derivatives of Q 1
λptq
prq.
If 3 ď j ` k and 0 ď j, k ď 2, then,
(4.28) |Bjt BkrRHS2pt, rq| ď
C
r5{2xt´ ry 12`j`k´1 log2bpxt´ ryq
, r ě t
2
Let s ě s0 ě T0, and s02 ď r0 ă s0. Then,
||
ˆ
Br ` 2
r
˙
BsRHS2ps, rq1ď0pr ´ ps´ s0 ` r0qq||L2prdrq ` ||B2sRHS2ps, rq1ď0pr ´ ps´ s0 ` r0qq||L2prdrq
ď C
s2xs0 ´ r0y logbpsq logbpxs0 ´ r0yq
(4.29)
We note one more useful estimate. By the definition of v2, and L
2 isometry property of the
Hankel transform of order 2, we have
|v2pt, rq| “ |
ż 8
t
ż 8
0
sinppt´ sqξq{RHS2ps, ξqJ2prξq|dξds
ď C
ż 8
t
˜ż 1
r
0
r2ξ2|{RHS2ps, ξq|dξ ` ż 8
1
r
|{RHS2ps, ξq|?
rξ
dξ
¸
ds
ď C
ż 8
t
¨˝
||RHS2psq||L2prdrqr2
˜ż 1
r
0
ξ3dξ
¸1{2
` C?
r
||RHS2psq||L2prdrq
˜ż 8
1
r
dξ
ξ2
¸1{2‚˛ds
ď C
ż 8
t
||RHS2psq||L2prdrqds
(4.30)
Then, we use an 8 step procedure to estimate all quantities related to v2:
Step 1: We use the fact that, if v2 “ r2w2, then, w2 solves the 6-dimensional free wave equa-
tion, with 0 Cauchy data at infinity, and RHS2pt,rq
r2
on the right-hand side. We then estimate v2 in
the region r ď t
2
by using Duhamel’s principle, and the spherical means formula for w2.
Step 2: To estimate Brv2 in the region r ď t2 , we first use the fact that, if ru2 :“
`Br ` 2r ˘ v2, then,
u2 solves
´Bttu2 ` Brru2 ` 3
r
Bru2 “
`Br ` 2r˘RHS2pt, rq
r
with 0 Cauchy data at infinity. Then, we use the spherical means formula for u2.
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Step 3: We estimate B2rv2 in the region r ď t2 using the fact that, if z2 :“
`Br ` 1r˘ `Br ` 2r˘ v2,
then z2 solves
´Bttz2 ` Brrz2 ` 1
r
Brz2 “
ˆ
Br ` 1
r
˙ˆ
Br ` 2
r
˙
RHS2pt, rq
with 0 Cauchy data at infinity, and using the spherical means formula for z2.
Step 4: Differentiating the formulae for v2, ru2, and z2 with respect to t, we show that, for
j “ 1, 2, Bjt v2 solves the same equation as v2, except with BjtRHS2 on the right-hand side, and zero
Cauchy data at infinity. Then, we use the same procedure as in steps 1-3 to obtain estimates on
all remaining derivatives of v2 of the form Bjt Bkr v2 in the region r ď t2 , for 0 ď j, k ď 2.
Step 5: Next, we estimate
`Br ` 2r˘ v2 in the region r ě t2 , using a slightly different represen-
tation formula than what was used in Step 2. Using the Fundamental Theorem of Calculus, we
then estimate v2 in the region r ě t2 .
Step 6: Similarly, we estimate Btv2 in the region r ě t2 , using the fact that it solves the same
equation as v2, except with BtRHS2 on the right-hand side.
Step 7: We estimate B2t v2 and Btrv2 in the region t ą r ě t2 by using a procedure based
on (4.30), which also takes advantage of the finite speed of propagation. Then, we estimate
||Bttv2pt, ¨q||L8r ptrě t2 uq by using the fact that Bttv2 solves the same equation as v2, with 0 Cauchy
data at infinity, except with B2tRHS2 on the right-hand side. We estimate ||Btrv2pt, ¨q||L8r ptrě t2 uq
similarly. Finally, we use the equation solved by v2 to read off estimates on B2rv2 in the region
t ą r ě t
2
, and to estimate ||B2rv2pt, ¨q||L8r ptrě t2 uq
Step 8: We estimate Bttrv2 in the region t ą r ě t2 by using the same procedure as for Btrv2.
Then, we estimate Btrrv2 and Bttrrv2 in the region t ą r ě t2 , by using the same representation
formulae for
`Br ` 1r˘ `Br ` 2r ˘ Bjt v2 (for j “ 1, 2) as was used in step 4.
Lemma 4.2. We have the following estimates on v2. For 0 ď j, k ď 2,
(4.31) |Bjt Bkr v2pt, rq| ď C
r2´k
t2`j log2bptq , r ď
t
2
(4.32) |v2pt, rq| ď C
log2bptq , r ą
t
2
(4.33) |Btv2pt, rq| ` |Brv2pt, rq| ď C
r log2bprq , r ą
t
2
(4.34) |Btrv2pt, rq| ` |B2rv2pt, rq| ` |B2t v2pt, rq| ď
C
txt´ ry logbptq logbpxt´ ryq , t ą r ą
t
2
(4.35) ||Btrv2pt, rq||L8r ptrě t2 uq ` ||B
2
t v2pt, rq||L8r ptrě t2 uq ` ||B
2
rv2pt, rq||L8r ptrě t2 uq ď
C
t3{2 logbptq ,
For j ` k ě 3 and 0 ď j, k ď 2,
(4.36) |Bjt Bkr v2pt, rq| ď
C?
txt´ ry 12`j`k´1 log2bpxt´ ryq
, t ą r ą t
2
20 MOHANDAS PILLAI
Proof. We start with the procedure outlined in step 1. To ease notation, we write x “ re1 P R6,
and let
y “ ρpcospφq, sinpφq cospφ2q, . . . , sinpφq sinpφ2q ¨ ¨ ¨ ¨ ¨ sinpφ5qq P R6
Then,
|v2pt, rq| ď Cr2
ż 8
t
ds
ps´ tq4
ż s´t
0
ρ5dρaps ´ tq2 ´ ρ2
ż π
0
dφ integrand(4.37)
where
integrand “ sin
4pφq
|x` y|2
ˆ
|RHS2ps, |x` y|q|
ˆ
1` ρ
2
|x` y|2
˙
` |B2RHS2ps, |x` y|q|ρ
ˆ
1` ρ|x` y|
˙
`|B22RHS2ps, |x` y|q|ρ2
˘
(4.38)
and we note that
|x` y| “
a
ρ2 ` r2 ` 2rρ cospφq
By using Cauchy’s residue theorem appropriately, we get, for all ρ ‰ r,
(4.39)
ż π
0
sin4pφqdφ
ρ2 ` r2 ` 2rρ cospφq “
1
2
ż 2π
0
sin4pφqdφ
ρ2 ` r2 ` 2rρ cospφq “
´π `mintr, ρu2 ´ 3maxtr, ρu2˘
8pmaxtρ, ruq4
Then, we use the above estimates for RHS2, and carry out step 1, to get (the r ď t2 part of) (4.32).
Carrying out step 2, we first get
(4.40) |
ˆ
Br ` 2
r
˙
v2| ď Cr
ż 8
t
ds
1
ps´ tq2
ż s´t
0
ρ3dρa
ps´ tq2 ´ ρ2
ż π
0
sin2pφqdφ integrand2
where
integrand2 “
ˆ |B22RHS2ps, |x` y|q|ρ
|x` y| `
|B2RHS2ps, |x` y|q|
|x` y|
ˆ
1` ρ|x` y|
˙
`|RHS2ps, |x` y|q||x` y|2
ˆ
1` ρ|x` y|
˙˙(4.41)
We then use (4.39) to get
(4.42)
ż π
0
ρ sin2pφqdφa
ρ2 ` r2 ` 2rρ cospφq ď C
ż π
0
ˆ
1` sin
4pφqρ2
ρ2 ` r2 ` 2rρ cospφq
˙
dφ ď C
which gives
(4.43) |
ˆ
Br ` 2
r
˙
v2pt, rq| ď Cr
t2 log2bptq , r ď
t
2
Step 3 is similar. Step 4 needs no further explanation. For step 5, we first consider the case r ą 2t,
and argue as in [18] to get a representation formula for p2pt, rq :“
`Br ` 2r ˘ v2pt, rq which does not
involve any derivatives of
`Br ` 2r˘RHS2:
(4.44) p2pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
´
B2 ` 2|x`y|
¯
RHS2ps, |x` y|q
|x` y| ppx ¨ px` yqq
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where we now regard x “ re1 P R2, y “ pρ cospθq, ρ sinpθqq, and we have
|x` y| “
a
r2 ` ρ2 ` 2rρ cospθq
Then, we treat several pieces of p2 seperately. If p2,I is defined by
p2,Ipt, rq :“ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθ
´
B2 ` 2|x`y|
¯
RHS2ps, |x` y|q
|x` y| ppx ¨ px` yqq1t|x`y|ď s2 u
Then, we first note that the integrand in the definition of p2,I vanishes unless s ě 23pt ` rq: If
s ă 2
3
pt` rq and |x ` y| ď s
2
, then, ρ “ |y| ě |x| ´ |x ` y| ě r ´ s
2
ě ´t`2r
3
ą s ´ t. On the other
hand, the ρ integration is constrained to the region ρ ď s´ t. So,
|p2,Ipt, rq| ď C
ż 8
2
3
pt`rq
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
s3 log2bpsq ď
C
r log2bprq
Then, we let p2,II “ p2 ´ p2,I . We have p2,II “ p2,II,a ` p2,II,b ` p2,II,c, where each term will be
defined shortly.
p2,II,apt, rq
“ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
´
B2 ` 2|x`y|
¯
RHS2ps, |x` y|q
|x` y| ppx ¨ px` yqq1ts´t´rą|x`y|ą s2 u
For |x` y| in the support of the characteristic functions appearing in the equation above,
|s´ |x` y|| “ s´ |x` y| ě s´ ps´ t´ rq “ t` r
Finally, the integrand vanishes unless s ą 2pt` rq. Then, we use the estimates on RHS2 to get
|p2,II,apt, rq| ď C
ż 8
2pt`rq
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
1
s5{2
?
r log2bprq ď
C
r log2bprq
Next,
p2,II,bpt, rq
“ ´1
2π
ż t` r
8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
ppx ¨ px` yqq´B2 ` 2|x`y|¯RHS2ps, |x` y|q
|x` y| 1t|x`y|ą s2 u1t|x`y|ěs´t´ru
This time, for |x`y| in the support of the characteristic functions appearing in the equation above,
we have
|s´ |x` y|| “ |x` y| ´ s ě |x| ´ |y| ´ s ě r ´ ps´ tq ´ s ě r ´ 2t´ r
4
` t ě r
4
` r
2
´ t ě r
4
Also, |x` y| ě |x| ´ |y| ě r ´ ps´ tq ě 7r
8
.
|p2,II,bpt, rq| ď C
ż t` r
8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
1
r5{2
?
r log2bprq ď
C
r log2bprq
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Finally, we define
p2,II,cpt, rq
“ ´1
2π
ż 8
t` r
8
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
´
B2 ` 2|x`y|
¯
RHS2ps, |x` y|q
|x` y| ppx ¨ px` yqq1t|x`y|ą s2 u1t|x`y|ěs´t´ru
“ ´1
2π
ż 8
t` r
8
ds
ż
Bs´tp0qXpB s
2
p´xqqcXpBs´t´rp´xqqc
dApyqa
ps´ tq2 ´ |y|2
´
B2 ` 2|x`y|
¯
RHS2ps, |x` y|q
|x` y| ppx ¨ px` yqq
(4.45)
We will prove estimates on p2,II,c which are valid for any r ě t2 for later use, even though we
assumed r ą 2t in the very beginning of this argument. Note that the intersection of the balls
in the integral is empty, unless s ě 2pt ´ rq, since s
2
ď |x ` y| ď s ´ t ` r. Then, we use polar
coordinates centered at x. More precisely, we write z “ y ` x “ pρ cospθq, ρ sinpθqq. The integrand
of the s integral above is then bounded above in absolute value by
C
ż s´t`r
|r´ps´tq|
ρdρ
ż θ˚
0
|
´
B2 ` 2ρ
¯
RHS2ps, ρq|1tρąmax p s2 ,s´t´rqudθaps ´ tq2 ´ r2 ´ ρ2 ` 2rρ cospθq
where
θ˚ “ arccos
ˆ
ρ2 ` r2 ´ ps´ tq2
2rρ
˙
To get this, we first used the inequality |ppx¨px`yqq||x`y| ď 1. Then, the only θ-dependent term remaining
in the integrand of the s integral in the expression for p2,II,c is
1aps´ tq2 ´ |z ´ x|2 “ 1aps´ tq2 ´ ρ2 ´ r2 ` 2rρ cospθq
Next, we used the facts that cosp2π ´ θq “ cospθq, and the integrand is supported in the region
ρ ą s´ t´r. Note also that θ˚ is well-defined, for all ρ in the region of integration in the expression
above, and 0 ď θ˚ ď π. Then, we note
(4.46)ż θ˚
0
dθa
ps´ tq2 ´ r2 ´ ρ2 ` 2rρ cospθq “
1?
2rρ
ż θ˚
0
dδa
cospθ˚q pcospδq ´ 1q ` sinpθ˚q sinpδq “
1?
2rρ
fpθ˚q
where we made the substitution δ “ θ˚ ´ θ in the first integral. We then have
|fpθ˚q| ď Cxlogpπ ´ θ˚qy ď C?
π ´ θ˚
(Although the singularity of f as θ˚ approaches π is much better than 1?
π´θ˚ , the above inequality
suffices for our purposes, and slightly simplifies some of our estimates). Using
π ´ θ˚ “ arccos
ˆ
1` ps´ tq
2 ´ pρ` rq2
2ρr
˙
we get
(4.47) |
ż θ˚
0
dθaps´ tq2 ´ r2 ´ ρ2 ` 2rρ cospθq | ď Cprρq1{4pρ` r ´ ps´ tqq1{4pρ` r ` s´ tq1{4
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So, we have
|p2,II,cpt, rq|
ď C
ż 8
maxtt` r
8
,2pt´rqu
ds
ż s´t`r
maxts´t´r, s
2
u
ρdρ|
ˆ
B2 ` 2
ρ
˙
RHS2ps, ρq|
ż θ˚
0
dθaps´ tq2 ´ ρ2 ´ r2 ` 2rρ cospθq
(4.48)
and our above estimates give
(4.49)
|p2,II,cpt, rq| ď C
r1{4
ż 8
t` r
8
ds
ż s´t`r
s´t´r
?
ρdρ
pρ` r ´ ps´ tqq1{4
1
s5{2
axs´ ρy logbpρq logbpxs´ ρyq1tρě s2 u
Let
p2,II,c,ipt, rq :“ 1
r1{4
ż 8
t`r
ds
ż s´t`r
s´t´r
?
ρdρ
pρ` r ´ ps´ tqq1{4
1
s5{2
axs´ ρy logbpρq logbpxs´ ρyq1tρě s2 u
and
p2,II,c,iipt, rq :“ 1
r1{4
ż t`r
t` r
8
ds
ż s´t`r
s´t´r
?
ρdρ
pρ` r ´ ps´ tqq1{4
1
s5{2
axs´ ρy logbpρq logbpxs´ ρyq1tρě s2 u
Note that, in the expression for p2,II,c,i, s ě t`r, so that s´t´r ą 0. Then, we consider seperately
two regions of the ρ integration. In the region s´ t´ r ď ρ ď s´ t´ r
2
, we have
|s´ ρ| “ s´ ρ ě s´ ps´ t´ r
2
q “ t` r
2
In the region s´ t´ r
2
ď ρ ď s´ t` r, we have
1
pp´ ps´ t´ rqq1{4 ď
C
r1{4
So,
|p2,II,c,ipt, rq| ď C
r1{4
ż 8
t`r
ds
ż s´t´ r
2
s´t´r
?
ρdρ
pρ` r ´ ps´ tqq1{4
1
s5{2
?
r log2bprq
` C
r1{4
ż 8
t`r
ds
ż s´t`r
s´t´ r
2
?
ρdρ
r1{4s5{2
axs´ ρy logbpsq logbpxs´ ρyq
(4.50)
Then, we use ż t` r
2
t´r
dxaxxy logbpxxyq ď C
axt´ ry
logbpxt´ ryq ` C
?
t` r
logbpt` rq
along with
|t´ r| ď r, r ě t
2
to get
|p2,II,c,ipt, rq| ď C
r log2bprq
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On the other hand, in the expression for p2,II,c,ii, s ă t` r. So, we make use of the 1tρě s
2
u in the
integrand of (4.49). Also, in this case
pρ` r ´ ps´ tqq1{4 ě ρ1{4
This gives
|p2,II,c,iipt, rq| ď C
r1{4
ż t`r
t` r
8
ds
ż s´t`r
s
2
ρ1{4dρ
s5{2
a
xs´ ρy logbpρq logbpxs´ ρyq
which can be treated in the same way as we treated p2,II,c,i. In the very beginning of this argument,
we considered the region r ą 2t. This was so that we could estimate p2,II,b. If t2 ď r ď 2t, then,
we instead decompose p2,II as
p2,IIpt, rq “ p2,II,apt, rq ` p2,II,dpt, rq
We then estimate p2,II,d with the identical procedure used to estimate p2,II,c. We obtain the same
final estimate for p2,II,d as we did for p2,II,c. Even though we only have s ě t in the integral defining
p2,II,d, as opposed to s ě t` r8 for p2,II,c, the fact that t2 ď r ď 2t ensures that we do indeed get
the same final estimate for p2,II,d. In total, we finally get
|p2pt, rq| ď C
r log2bprq , r ě
t
2
Then, we recover v2 from p2:
v2pt, rq “ 1
r2
ż r
0
p2pt, xqx2dx
If r ě t
2
, then,
|v2pt, rq| ď C
r2
ż t
2
0
x3dx
t2 log2bptq `
C
r2
ż r
t
2
xdx
log2bpxq
and we finally get
|v2pt, rq| ď C
log2bptq , r ě
t
2
To similarly estimate Btv2, we first note that, if u solves
´Bttupt, rq ` Brrupt, rq ` 1
r
Brupt, rq ´ 4
r2
upt, rq “ F pt, rq, t ě T0, r ą 0
and w : rT0,8q ˆ R2 is defined by
wpt, r cospθq, r sinpθqq “ upt, rq cosp2θq, r ą 0
then, w solves
´Bttw `∆R2w “
ˆ
2
x21
|x|2 ´ 1
˙
F pt, |x|q, x ‰ 0
Now, we apply this procedure to the case u “ Btv2, and F “ BtRHS2. Using upt, rq “ wpt, r, 0q, we
get
Btv2pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρaps ´ tq2 ´ ρ2
ż 2π
0
dθ integranddtv2(4.51)
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where
integranddtv2 “ B1RHS2ps,
a
r2 ` ρ2 ` 2rρ cospθqq
ˆ
r2 ` 2rρ cospθq ` ρ2p1´ 2 sin2pθqq
r2 ` 2rρ cospθq ` ρ2
˙
Because our estimates on BtRHS2 are just as good (in fact, slightly better in the region r ď t2 ) as
those for BrRHS2, we can repeat the same procedure used to estimate p2, to get
|Btv2pt, rq| ď C
r log2bprq , r ě
t
2
Using (4.29), the finite speed of propagation, as well as an appropriate analog of (4.30), we get
|B2t v2pt, rq| ` |Btrv2pt, rq| ď
C
txt´ ry logbptq logbpxt´ ryq , t ą r ą
t
2
We then argue as we did for Btv2, to get
B2t v2pt, rq “
´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ integranddttv2
where
integranddttv2 “ B21RHS2ps,
a
r2 ` ρ2 ` 2rρ cospθqq
ˆ
r2 ` 2rρ cospθq ` ρ2p1´ 2 sin2pθqq
r2 ` 2rρ cospθq ` ρ2
˙
Then, we carry out the same procedure used to estimate p2. The difference here is that we have an
extra factor of 1xt´ry in the pointwise estimates for B2tRHS2pt, rq, relative to those for BrRHS2pt, rq.
This leads to
|B2t v2pt, rq| ď
C
r3{2 logbptq , r ą
t
2
Also, if w2 “
`Br ` 2r ˘ Btv2, then, w2 solves
´Bttw2 ` Brrw2 ` 1
r
Brw2 ´ 1
r2
w2 “
ˆ
Br ` 2
r
˙
BtRHS2pt, rq
with 0 Cauchy data at infinity. Using the analog of the p2 representation formula, we can repeat
the same argument used for B2t v2, and use the previous estimates on Btv2, to get
|Btrv2pt, rq| ď C
r3{2 logbptq , r ą
t
2
The rest of step 7 and step 8 need no further explanation. 
4.4. Summation of the higher iterates, vj. We now proceed to recursively define subsequent
corrections, vj. For j ě 3, define RHSj by
RHSjpt, rq “
6Q 1
λptq
prq
r2
¨˝˜
j´1ÿ
k“1
vk
¸2
´
˜
j´2ÿ
k“1
vk
¸2‚˛` 2
r2
¨˝˜
j´1ÿ
k“1
vk
¸3
´
˜
j´2ÿ
k“1
vk
¸3‚˛
“
6Q 1
λptq
r2
˜
2
j´2ÿ
k“1
vkvj´1 ` v2j´1
¸
` 2
r2
¨˝
3
˜
j´2ÿ
k“1
vk
¸2
vj´1 ` 3
j´2ÿ
k“1
vkv
2
j´1 ` v3j´1‚˛
(4.52)
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Then, we let vj be the solution to the following equation, with 0 Cauchy data at infinity
(4.53) ´ Bttvj ` Brrvj ` 1
r
Brvj ´ 4
r2
vj “ RHSjpt, rq
We proceed to prove estimates on vj by induction. Let C1 ą 9 be such that (4.17), (4.18), and
(4.31) through (4.36) hold, with the constant C “ C1 on the right-hand side. Let n ą 900 be
otherwise arbitrary, and let T0,n ą ep900!q
1` 1
b satisfy
C90n1
logbpT0,nq
ă e´p900!q
and be otherwise arbitrary. Our goal is to show that, for a sufficiently large T0,n, we can prove
estimates on vj (and its derivatives), valid for all t ě T0,n ` exp
´
900! ` 2´ 32p2b´1q
¯
p1` Tλ0q `M1
and all r ě 0, by induction. In the following estimates, we assume
t ě ` exp
´
900! ` 2´ 32p2b´1q
¯
p1` Tλ0q `M1 ` T0,n
Let
Dn,k “
#
C1, k “ 2
Cnk1 , k ě 3
Suppose, for any j ě 3, and all k with 2 ď k ď j ´ 1, that
(4.54) |Bpt Bmr vkpt, rq| ď
Dn,kr
2´m
t2`p logbkptq , r ď
t
2
, 0 ď p,m ď 2
(4.55) |vkpt, rq| ď Dn,k
logbkptq , r ą
t
2
(4.56) |Btvkpt, rq| ` |Brvkpt, rq| ď Dn,k
r logbkptq , r ą
t
2
(4.57) |Brrvkpt, rq| ` |Bttvkpt, rq| ` |Btrvkpt, rq| ď Dn,k
txt´ ry logbpxt´ ryq logbpk´1qptq , t ą r ą
t
2
(4.58) ||Btrvkpt, rq||L8r trě t2 u ` ||Brrvkpt, rq||L8r trě t2 u ` ||Bttvkpt, rq||L8r trě t2 u ď
Dn,k
t3{2 logbpk´1qptq
(4.59) |Btrrvkpt, rq| ` |Bttrvkpt, rq| ď Dn,k?
txt´ ry5{2 log2bpxt´ ryq logbpk´2qptq , t ą r ą
t
2
and, for t ą r ą t
2
,
(4.60) |Bttrrvkpt, rq| ď
$’’’&’’’%
Dn,k?
txt´ry7{2 log2bpxt´ryq , j “ 3, k “ 2$&%
Dn,k?
txt´ry7{2 log2bpxt´ryq , k “ 2
Dn,k?
txt´ry7{2 log3bpxt´ryq logbpk´3qptq , 3 ď k ď j ´ 1
, j ą 3
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Then, for some C independent of n (and t) we have
|Bpt Bmr RHSjpt, rq| ď C
ˆ
C1´n1 `
Cn1
logbptq
˙
C
nj
1 r
2´m
t4`p logbjptq , r ď
t
2
|RHSjpt, rq| ď C
nj
1
r2 logbjptq , r ą
t
2
|BrRHSjpt, rq|`|BtRHSjpt, rq| ď C
˜
C
nj
1
r3 logbjptq
ˆ
C1´n1 `
Cn1
logbptq
˙
` C
nj
1 C
1´n
1
r5{2
axt´ ry logbpj´1qptq logbpxt´ ryq
¸
, r ą t
2
|BtrRHSjpt, rq| ` |B2rRHSjpt, rq| ` |B2tRHSjpt, rq|
ď
CC
nj
1
´
C1´n1 ` C
n
1
logbptq
¯
logbpj´1qptq logbpxt´ ryqr5{2xt´ ry3{2 `
CC
nj
1
´
C2´n1
logbpxt´ryq `
C3n1
log2bptq logbpxt´ryq
¯
logbpj´1qptqr3xt´ ry logbpxt´ ryq , t ą r ą
t
2
We will also require another estimate on B2tRHSj and BtrRHSj, which is valid for all r ą t2 :
|B2tRHSjpt, rq| ` |BtrRHSjpt, rq|
ď CC
nj
1 C
1´n
1
r5{2xt´ ry3{2 logbpxt´ ryq logbpj´1qptq `
CC
nj
1
r2t3{2 logbpj´1qptq
ˆ
Cn1
logbptq `
C1´n1
logbptq
˙
` CC
nj
1
r3xt´ ry
´
C´n`21 ` C
3n
1
log2bptq
¯
logbpj´1qptq log2bpxt´ ryq , r ą
t
2
(4.61)
|BttrRHSjpt, rq| ` |BtrrRHSjpt, rq| ď
CC
nj
1
´
C1´n1 ` C
n
1
logbptq
¯
r5{2 log2bpxt´ ryq logbpj´2qptqxt´ ry5{2 , t ą r ą
t
2
|BttrrRHSjpt, rq| ď CC
nj
1
r5{2xt´ ry7{2
´
C1´n1 ` C
n
1
logbptq
¯
log3bpxt´ ryq logbpj´1qptq , t ą r ą
t
2
Then, we repeat the analogs of steps 1-8 used to estimate v2, and get (for C independent of n (and
t)):
(4.62) |Bpt Bmr vjpt, rq| ď C
C
nj
1 r
2´m
t2`p logbjptq
ˆ
C1´n1 `
Cn1
logbptq
˙
, r ď t
2
, 0 ď p,m ď 2
(4.63) |vjpt, rq| ď
CC
nj
1
´
C1´n1 ` C
n
1
logbptq
¯
logbjptq , r ą
t
2
(4.64) |Btvjpt, rq| ` |Brvjpt, rq| ď CC
nj
1
r logbjptq
ˆ
C1´n1 `
Cn1
logbptq
˙
, r ą t
2
(4.65)
|B2t vjpt, rq|`|B2rvjpt, rq|`|Btrvjpt, rq| ď
CC
nj
1
txt´ ry logbpj´1qptq logbpxt´ ryq
ˆ
C2´n1 `
C2n1
logbptq
˙
, t ą r ą t
2
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(4.66)
||B2t vjpt, rq||L8r trą t2 u`||Btrvjpt, rq||L8r trą t2 u`||B
2
rvjpt, rq||L8r trą t2 u ď
CC
nj
1
t3{2 logbpj´1qptq
ˆ
C2n1
logbptq `C
2´n
1
˙
(4.67) |Bttrvjpt, rq| ` |Btrrvjpt, rq| ď
CC
nj
1
´
C2´n1 ` C
3n
1
logbptq
¯
?
txt´ ry5{2 logbpj´2qptq log2bpxt´ ryq , t ą r ą
t
2
Finally,
(4.68) |Bttrrvjpt, rq| ď
CC
nj
1
´
C2´n1 ` C
3n
1
logbptq
¯
?
txt´ ry7{2 logbpj´3qptq log3bpxt´ ryq , t ą r ą
t
2
Since C is independent of n, there exists n0 such that
maxtC, 1uC90´n01 ă e´p900!q
Now, since C is also independent of T0,n0 , we can choose T0,n0 to satisfy, in addition to our previous
constraints at the beginning of this argument, the following inequality
maxtC, 1u C
90n0
1
logbpT0,n0q
ă e´p900!q
By mathematical induction, the above results imply that (4.54) through (4.60) are true (with
n “ n0) for all k ě 2, and t ě T0,n0 ` exp
´
900! ` 2´ 32p2b´1q
¯
p1` Tλ0q `M1 :“ T1. From here on,
we further restrict T0 to satisfy T0 ě T1. So, for all j ě 2,
||vjpt, rq||L8trě0,těT1u ď e´jp900!q
||Btvjpt, rq||L8trě0,těT1u ` ||Brvjpt, rq||L8trě0,těT1u ď
2
T1
e´jp900!q
||Btrvjpt, rq||L8trě0,těT1u ` ||B2t vjpt, rq||L8trě0,těT1u ` ||B2rvjpt, rq||L8trě0,těT1u ď e´p900!qpj´1qT 3{21
Therefore, the series
vs :“
8ÿ
j“3
vj
(as well as the series resulting from applying any first or second order derivative termwise) converges
absolutely and uniformly on the set tpt, rq|t ě T1, r ě 0u. Moreover, using the first line of (4.52),
we get, for any N ě 4,
Nÿ
j“3
RHSjpt, rq “
6Q 1
λptq
prq
r2
¨˝
2v1
N´1ÿ
k“2
vk `
˜
N´1ÿ
k“2
vk
¸2‚˛` 2
r2
¨˝
3v1
˜
N´1ÿ
k“2
vk
¸2
` 3v21
N´1ÿ
k“2
vk `
˜
N´1ÿ
k“2
vk
¸3‚˛
(where the argument pt, rq of all instances of vk, v1 has been omitted, for clarity). Using the
uniformity of the convergence of the series defining vs, we get
´ Bttvs ` Brrvs ` 1
r
Brvs ´ 4
r2
vs “ lim
NÑ8
Nÿ
j“3
ˆ
´Bttvj ` Brrvj ` 1
r
Brvj ´ 4
r2
vj
˙
“ lim
NÑ8
Nÿ
j“3
RHSjpt, rq
“
6Q 1
λptq
r2
´
2v1 pv2 ` vsq ` pv2 ` vsq2
¯
` 2
r2
´
3v1 pv2 ` vsq2 ` 3v21 pv2 ` vsq ` pv2 ` vsq3
¯
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4.5. Improvement of the large r behavior of the remaining error terms. Let vc “ v1 `
v2 ` vs. Despite the major improvement of the decay of the error terms accomplished via the
resummation of the vk above, we will still need to improve the decay of the error terms which result
from substituting Q 1
λptq
` vc into (1.1). The soliton error term, and the linear error term resulting
from vc, namely
BttQ 1
λptq
´ 6vc
r2
ˆ
1´Q2 1
λptq
prq
˙
both contribute to leading order in the modulation equation. Therefore, any improvement of these
error terms should not change their leading order inner product with the appropriately re-scaled
zero eigenfunction φ0. Keeping this in mind, we let
WRHS2pt, rq :“ χě1p r
gptq q
ˆ
BttQ 1
λptq
´ 6vc
r2
ˆ
1´Q2 1
λptq
prq
˙˙
, where gptq “ λptq logb´2ǫptq
where
χě1pxq P C8pRq, 0 ď χě1pxq ď 1, χě1pxq “
#
0, x ď 1
2
1, x ě 1
and define w2 to be the solution to the following equation, with 0 Cauchy data at infinity
(4.69) ´ Bttw2 ` Brrw2 ` 1
r
Brw2 ´ 4
r2
w2 “WRHS2pt, rq
Now, we will prove estimates on w2. Note that WRHS2 depends on λ
2. Because our only as-
sumptions on λ do not include any more regularity than λ P C2prT0,8qq, we can not consider
BtWRHS2pt, rq until we first choose a specific λ by solving the modulation equation, and then
prove that this λ has higher than C2 regularity. In terms of estimating w2, this means that we can
not differentiate WRHS2 in time, at this point. Therefore, we will first record a set of preliminary
estimates on derivatives of w2, which only involve WRHS2, and its r derivatives. After choosing
λ, we can then obtain more optimal, final estimates on the derivatives of w2. This is very similar
to the argument used in the wave maps paper of the author, [18].
Lemma 4.3. [Preliminary estimates on w2] We have the following preliminary estimates on w2
(4.70) |w2pt, rq| ď
$&%
Cr2λptq2 logp2` r
gptq q logptq
pgptq2`r2qt2 logbptq , r ď
t
2
Cλptq2 logptq
t2 logbptq , r ą
t
2
(4.71) |Brw2pt, rq| ď
$&%
Crλptq2 logptq
t2 logbptqgptq2 , r ď gptq
Cλptq2 logptq
t2 logbptqgptq , r ą gptq
(4.72) |Btw2pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq , r ą 0
(4.73) |B2rw2pt, rq| ď
Cλptq2 logptq
t2 logbptqgptq2 , r ą 0
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(4.74) |B2tw2pt, rq| ď
Cλptq2 logptq
t2gptq2 logbptq , r ą 0
(4.75) |Btrw2pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq2
Proof. We start with the region r ď t
2
. Using the same procedure and notation as in step 1 for v2,
as well as the estimates for vcps, |x` y|q in the two regions |x` y| ď s2 and |x` y| ą s2 , we get
|w2pt, rq| ď Cr2
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż π
0
dφ sin4pφq
¨˝
1t|x`y|ą gpsq
2
u1t|x`y|ď s2 uλpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
‚˛ˆ1` ρ2|x` y|2
˙
` Cr2
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż π
0
dφ sin4pφq
¨˚
˝ λpsq21t|x`y|ą gpsq2 u1t|x`y|ą s2 u
´
1` ρ2|x`y|2
¯
|x` y|4?sxs´ |x` y|y3{2 logbpxs´ |x` y|yq
‹˛‚
(4.76)
Denote the first line of (4.76) by w2,I . Then, we consider several pieces of w2,I seperately. Let
w2,I,apt, rq :“ r2
ż t` r
8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż π
0
dφ sin4pφq
¨˝
1t|x`y|ą gpsq
2
u1t|x`y|ď s2 uλpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
‚˛ˆ1` ρ2|x` y|2
˙
Recall that |x` y| “aρ2 ` r2 ` 2rρ cospφq. For w2,I,a, we have
ρ ď s´ t ď r
8
ùñ |x` y| ě Cpr ` ρq
Therefore,
|w2,I,apt, rq| ď C
ż t` r
8
t
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
r2λpsq2
s2 logbpsqpgpsq2 ` r2q2 ď
Cr2λptq2
pgptq2 ` r2qt2 logbptq
where we used (4.4) to conclude that
(4.77) s ÞÑ 1
spgpsq2 ` r2q2 is decreasing on rT0,8q
For the next integrals to consider, we first appropriately use Cauchy’s residue theorem to concludeż 2π
0
sin4pφqdφ
pgpsq2 ` ρ2 ` r2 ` 2rρ cospφqq2 ď
C
pgpsq2 ` ρ2 ` r2q2ż 2π
0
sin4pφqdφ
pgpsq2 ` r2 ` ρ2 ` 2rρ cospφqq3 ď
C
pgpsq2 ` r2 ` ρ2q5{2
a
gpsq2 ` pρ´ rq2
The important point in the above integrals is that the factor sin4pφq vanishes when φ “ π, which
is precisely when the vectors x “ re1 and y (defined in step 1 used to estimate v2) are antiparallel.
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Therefore, we get much more decay in ρ2 ` r2 ` gpsq2 than we would have without the sin factor.
Now, we consider w2,I,b defined by
w2,I,bpt, rq
“ r2
ż t` r
8
`gptq
t` r
8
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż π
0
dφ sin4pφq
¨˝
1t|x`y|ą gpsq
2
u1t|x`y|ď s2 uλpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
‚˛ˆ1` ρ2|x` y|2
˙
which gives
|w2,I,bpt, rq| ď Cr2
ż t` r
8
`gptq
t` r
8
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
λpsq2
s2 logbpsqgpsqpgpsq2 ` r2q3{2 ď C
r2λptq2
t2 logbptqpgptq2 ` r2q
where we again use (4.4) to justify the analog of (4.77). Next, we consider
w2,I,cpt, rq :“ r2
ż 8
t` r
8
`gptq
ds
ps´ tq
ż s´t
0
ρdρ
ż π
0
dφ sin4pφq
¨˝
1t|x`y|ą gpsq
2
u1t|x`y|ď s2 uλpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
‚˛ˆ1` ρ2|x` y|2
˙
The point of this definition is to utilize the decay of the integrand in s ´ t in order to do the s
integral. As we will show later, the difference 1?ps´tq2´ρ2 ´
1
ps´tq decays sufficiently fast in s so as
to allow an argument which does the s integral first, before the ρ integral. A similar procedure was
also used in the author’s work regarding wave maps[18], in the estimation of the correction denoted
by v4 in that paper. We start by notingż s´t
0
ρdρ
1tρď r
2
u
pgpsq2 ` ρ2 ` r2q3{2
a
gpsq2 ` pρ´ rq2 ď C
ż s´t
0
ρdρ
pgpsq2 ` r2 ` ρ2q3{2
a
gpsq2 ` r2 ď
C
gpsq2 ` r2ż s´t
0
ρdρ
1t r
2
ďρď2ru
pgpsq2 ` ρ2 ` r2q3{2agpsq2 ` pρ´ rq2 ď Crpgpsq2 ` r2q3{2
ż 2r
r
2
dρa
gpsq2 ` pρ´ rq2 ď C
logp1` r
gpsqq
gpsq2 ` r2ż s´t
0
ρdρ
1tρą2ru
pgpsq2 ` ρ2 ` r2q3{2
a
gpsq2 ` pρ´ rq2 ď C
ż s´t
0
ρdρ
pgpsq2 ` r2 ` ρ2q2 ď
C
gpsq2 ` r2
which gives
|w2,I,cpt, rq| ď
Cr2λptq2 logp2` r
gptqq logptq
t2 logbptqpgptq2 ` r2q
Finally, we consider
w2,I,dpt, rq :“ r2
ż 8
t` r
8
`gptq
ds
ż s´t
0
ρdρ
˜
1a
ps ´ tq2 ´ ρ2 ´
1
ps´ tq
¸ż π
0
integrandw2,I,ddφ
where
integrandw2,I,d “ sin4pφq
¨˝
1t|x`y|ą gpsq
2
u1t|x`y|ď s2 uλpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
‚˛ˆ1` ρ2|x` y|2
˙
Using again an analog of the observation (4.77), and the φ integrals noted above, we first do the φ
integral. Then, we switch the order of the s and ρ and φ integrals, to do the s integral first:
|w2,I,dpt, rq|
ď Cr2
ż 8
0
ρdρ
ż 8
ρ`t
ds
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
λptq2
logbptqt2pgptq2 ` r2 ` ρ2q3{2
a
gptq2 ` pρ´ rq2
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Then, we use the same method used to study the ρ integrals appearing just above our final estimate
for w2,I,c to get
|w2,I,dpt, rq| ď
Cr2λptq2 logp2` r
gptqq
t2 logbptqpgptq2 ` r2q
In total, we get
|w2,Ipt, rq| ď
Cr2λptq2 logp2` r
gptqq logptq
t2 logbptqpgptq2 ` r2q
It remains to treat the second line of (4.76), which we denote as w2,II . If r ď t2 , then, as in the case
of estimating v2, we use that s´ |x` y| ě s´ pr ` ps ´ tqq ě t´ r ě t2 , and we use the estimates
on vcps, |x` y|q in the region |x` y| ě s2 to get
|w2,IIpt, rq| ď Cr2
ż 8
t
ds
ps´ tqλpsq2
s9{2t3{2 logbptq ď
Cr2λptq2
t4 logbptq , r ď
t
2
Finally, we need to estimate w2pt, rq for r ą t2 . We use the analog of (4.51) to get
(4.78)
w2pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
Again, we insert
1 “ 1t|x`y|ď s
2
u ` 1t|x`y|ą s
2
u
into the integrand of the above expression, and define w2,IV by
w2,IV pt, rq “ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθ1t|x`y|ą s
2
uWRHS2ps, |x`y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
and
w2,IIIpt, rq “ w2pt, rq ´ w2,IV pt, rq
|w2,IV pt, rq| ď C
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
ˆ
λpsq2
s4 logbpsq
˙
ď Cλptq
2
t2 logbptq
For w2,III in the region r ą t2 , we again consider several integrals seperately. We have
w2,III,apt, rq
“ ´1
2π
ż t` r
8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ1t|x`y|ď s
2
uWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
which gives, via the same reasoning as used to estimate w2,I,a,
|w2,III,apt, rq| ď C
ż t` r
8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
r2λpsq2
s2 logbpsqpgpsq2 ` r2q2 ď
Cλptq2
t2 logbptq , r ą
t
2
Next, we have
w2,III,bpt, rq
“ ´1
2π
ż t` r
8
`gptq
t` r
8
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ1t|x`y|ď s
2
uWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
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We use
(4.79)
ż 2π
0
r2 ` ρ2 ` 2rρ cospθq
pgpsq2 ` r2 ` ρ2 ` 2rρ cospθqq2 dθ ď
Ca
gpsq2 ` ρ2 ` r2
a
gpsq2 ` pρ´ rq2
to get
|w2,III,bpt, rq| ď C
ż t` r
8
`gptq
t` r
8
ż s´t
0
ρdρaps´ tq2 ´ ρ2 λpsq2s2 logbpsq 1gpsqagpsq2 ` r2
ď C
ż t` r
8
`gptq
t` r
8
dsps´ tq λpsq
2
s2 logbpsqgpsq
a
gpsq2 ` r2 ď
Cλptq2
t2 logbptq
(4.80)
The next integral to treat is
w2,III,cpt, rq
“ ´1
2π
ż 8
t` r
8
`gptq
ds
ps´ tq
ż s´t
0
ρ1t r
2
ďρď2rudρ
ż 2π
0
dθ1t|x`y|ď s
2
uWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
So,
|w2,III,cpt, rq| ď C
ż 8
t` r
8
`gptq
ds
ps´ tq
λpsq2
s2 logbpsq
ż 2r
r
2
ρdρa
gpsq2 ` pρ´ rq2
a
gpsq2 ` r2
ď Cr
ż 8
t` r
8
`gptq
ds
sps´ tq
logp1` r
gpsqqλpsq2
s logbpsq
a
gpsq2 ` r2 ď
Cλptq2 logp1` r
gptqq
rt logbptq
(4.81)
where we used the fact that 1ps´tq ď Cr . Next, we have
w2,III,dpt, rq :“ ´1
2π
ż 8
t` r
8
`gptq
ds
ps´ tq
ż s´t
0
ρ
´
1tρă r
2
u ` 1tρą2ru
¯
dρż 2π
0
dθ1t|x`y|ď s
2
uWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
(4.82)
which gives
|w2,III,dpt, rq| ď C
ż 8
t` r
8
`gptq
ds
ps´ tq
ż s´t
0
ρdρλpsq2
s2 logbpsq
ˆ
1tρă r
2
u ` 1t2răρu
pr2 ` ρ2 ` gpsq2q
˙
ď C
ż 8
t` r
8
`gptq
ds
ps´ tq
λpsq2
s2 logbpsq p1` logps ´ tq ` logprqq ď
Cλptq2
t logbptq
logprq
r
, r ě t
2
(4.83)
The final integral to estimate is
w2,III,ept, rq :“ ´1
2π
ż 8
t` r
8
`gptq
ds
ż s´t
0
ρ
˜
1a
ps´ tq2 ´ ρ2 ´
1
ps´ tq
¸
dρż 2π
0
dθ1t|x`y|ď s
2
uWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
(4.84)
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We again switch the order of integration, as previously done to estimate w2,I,d. The only difference
here is that we use 1
s
ď 1
ρ`t for one of the factors of
1
s
which appear in the integrand of w2,III,e
once the estimates for WRHS2 are substituted. This gives
|w2,III,ept, rq| ď C
ż 8
0
ρdρλptq2
pρ` tq logbptqt
a
gptq2 ` ρ2 ` r2
a
gptq2 ` pρ´ rq2
and
|w2,III,ept, rq| ď Cλptq
2 logprq
rt logbptq , r ě
t
2
Combining the above gives the final pointwise estimate on w2:
(4.85) |w2pt, rq| ď
$&%
Cr2λptq2 logp2` r
gptq q logptq
pgptq2`r2qt2 logbptq , r ď t2
Cλptq2 logptq
t2 logbptq , r ą t2
where we used the fact that
logp1` r
gptqq
r
ď C logptq
t
, r ě t
2
Next, we consider the derivatives of w2. We recall the remarks prior to the estimation of w2, and
prove a preliminary estimate on Brw2. Here, we will start with the case r ď gptq. We first note that
sin2pφq ρa
r2 ` ρ2 ` 2rρ cospφq ď
$&%C, ρ ă
r
2
, or ρ ą 2r
C sin2pφ
2
q cos2pφ
2
qrb
pr´ρq2`4rρ cos2p θ
2
q
ď C, r
2
ď ρ ď 2r
We also note thatż 2π
0
dφ
pgptq2 ` ρ2 ` r2 ` 2rρ cospφqq2 ď
Ca
gptq2 ` r2 ` ρ2pgptq2 ` pr ´ ρq2q3{2
Then, we proceed as in step 2 of the estimation of Brv2 ` 2rv2, to get
|
ˆ
Br ` 2
r
˙
w2pt, rq| ď Cr
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż π
0
dφ
˜
1t|x`y|ă s
2
uλpsq2
s2 logbpsqpgpsq2 ` r2 ` ρ2 ` 2rρ cospφqq2
¸
` Cr
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż π
0
dφ
1t|x`y|ą s
2
uλpsq2
|x` y|4?sxs´ |x` y|y3{2 logbpxs´ |x` y|yq
(4.86)
Denote the first line of the above expression by qIpt, rq, and the second by qIIpt, rq. Then, we
estimate qIpt, rq using the same procedure used for w2. The main difference here is that we have
the factor
1a
gptq2 ` r2 ` ρ2pgptq2 ` pr ´ ρq2q3{2 instead of
1a
gptq2 ` pr ´ ρq2pgptq2 ` r2 ` ρ2q3{2
This leads to an extra factor of r
gptq when we estimate certain ρ integrals in the region
r
2
ď ρ ď 2r.
Since we are considering the region r ď gptq, we end up with
|qIpt, rq| ď Crλptq
2
t2 logbptqgptq2 logptq, r ď gptq
GLOBAL, NON-SCATTERING SOLUTIONS TO THE ENERGY CRITICAL YANG-MILLS PROBLEM 35
The same procedure used for w2,II gives
|qIIpt, rq| ď Crλptq
2
t4 logbptq , r ď gptq
For the region r ě gptq, we will differentiate our formula (4.78) directly. We emphasize again that
the estimate on Brw2 which we will obtain now, in the region r ě gptq is a preliminary estimate,
and it will be improved later, once we choose λptq, and show that λ P C3prT0,8qq, thereby allowing
us to estimate Btw2 and p´Bt ` Brqw2. We have
Brw2pt, rq
“ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθBr
ˆ
WRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙˙
1t|x`y|ď s
2
u
´ 1
2π
ż 8
t
ds
ż s´t
0
ρdρaps ´ tq2 ´ ρ2
ż 2π
0
dθBr
ˆ
WRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙˙
1t|x`y|ą s
2
u
(4.87)
where we again denote the first line of the right-hand side of the above expression by qIII , and the
second by qIV .
|qIIIpt, rq| ď C
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
ˆ |x` y|λpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
|r ` ρ cospθq|
|x` y|
` |x` y|
2λpsq2
s2 logbpsqpgpsq2 ` |x` y|2q2
|r ` ρ cospθq|ρ2 sin2pθq
|x` y|4
˙
(4.88)
We then use
|r ` ρ cospθq| “ |pr ´ ρq ` ρpcospθq ` 1q| ď |r ´ ρ| ` ρp1` cospθqqż 2π
0
dθ
pgptq2 ` ρ2 ` r2 ` 2rρ cospθqq2 ď
Ca
gptq2 ` ρ2 ` r2pgptq2 ` pρ´ rq2q3{2
ρ2 sin2pθq
ρ2 ` r2 ` 2rρ cospθq ď C
ρ2 cos2pθ
2
q
pr ´ ρq2 ` 4rρ cos2pθ
2
q ď Cż 2π
0
p1` cospθqq
pgpsq2 ` r2 ` ρ2 ` 2rρ cospθqq2 dθ ď
Capρ´ rq2 ` gpsq2ppρ` rq2 ` gpsq2q3{2
and the identical procedure used to estimate w2,III , to get
|qIIIpt, rq| ď Cλptq
2
t2 logbptqgptq logptq, r ě gptq
Finally,
|qIV pt, rq| ď C
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ˆ
λpsq2
s9{2xs´ |x` y|y1{2 logbpxs´ |x` y|yq
˙
ď Cλptq
2
t5{2
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Then, we use the same observation as in step 3 of estimating v2, along with the identical argument
used to estimate
`Br ` 2r˘w2, to get
|B2rw2pt, rq `
3
r
Brw2pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq2 , r ą 0
We can estimate B2tw2 by using the equation solved by w2. It then remains to estimate Btw2. For
this, we return to (4.78), and make the subsitution ρ “ qps´ tq.
(4.89) w2pt, rq “ ´1
2π
ż 8
t
ds
ż 1
0
ps ´ tqqdqa
1´ q2
ż 2π
0
dθintegrandw2,1
where
integrandw2,1 “WRHS2ps,
a
q2ps´ tq2 ` r2 ` 2rqps´ tq cospθqq
ˆ
1´ 2q
2ps´ tq2 sin2pθq
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθq
˙
Then, we can differentiate under the integral sign. The resulting integrals can be estimated with
the same procedure used to estimate analogous integrals arising in the expressions for Brw2 and
w2. We get
|Btw2pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq , r ą 0
The same procedure is used to estimate Btrw2, and this concludes the proof of the lemma 
4.6. Summation of the higher corrections, wk. The nonlinear interactions between w2 and
vc can not be treated perturbatively in our final argument. Therefore, we will need to define
corrections wk, in a similar manner as the corrections vk were defined, and sum a series of the formř8
k“3wk. Because the estimates for wj and w2 will be of a slightly different form, we will first
(define and) estimate w3, then prove estimates on wj for j ě 4 by induction. We let
WRHS3pt, rq “
6
´
Q 1
λptq
` vc
¯
r2
w22 `
2w32
r2
` 6w2
r2
´
v2c ` 2vcQ 1
λptq
¯
Then,
|WRHS3pt, rq| ď C
$&%
r2λptq2 logp2` r
gptq q logptq
pgptq2`r2qt4 log2bptq , r ď
t
2
λptq2 log2ptq
t5{2r3{2 log2bptq , r ą
t
2
|BrWRHS3pt, rq| ď
$’’’&’’’%
Crλptq2 logptq
gptq2t4 log2bptq , r ď gptq
Cλptq2 logptq
t4 log2bptqgptq , gptq ă r ď
t
2
Cλptq2 logptq
t5{2 log2bptqr3{2gptq , r ą
t
2
|B2rWRHS3pt, rq| ď
$&%
Cλptq2 logptq
t4 log2bptqgptq2 , r ď
t
2
Cλptq2 logptq
t5{2r3{2 log2bptqgptq2 , r ą
t
2
Now, we estimate w3, starting with the region r ď gptq. The same remarks concering the nature of
the estimates on the derivatives of w2 apply here for w3, and eventually for wj .
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Lemma 4.4. [Preliminary estimates on w3] We have the following preliminary estimates on w3
(4.90) |w3pt, rq| ď
$&%
Cr2λptq2 logptq
t2gptq2 log2bptq , r ď gptq
Cλptq2 log2ptq
t2 log2bptq , r ą gptq
|Brw3pt, rq| ď
$&%
Crλptq2 logptq
t2gptq2 log2bptq , r ď gptq
Cλptq2 logptq
t2 log2bptqgptq , r ą gptq
|B2rw3pt, rq| ď
Cλptq2 logptq
t2gptq2 log2bptq
|Btw3pt, rq| ď Cλptq
2 logptq
t2gptq log2bptq
|B2tw3pt, rq| ď
$&%
Cλptq2 logptq
t2gptq2 log2bptq , r ď gptq
Cλptq2 log2ptq
t2gptq2 log2bptq , r ą gptq
|Btrw3pt, rq| ď Cλptq
2 logptq
t2 log2bptqgptq2
Proof. Using the analog of step 1 when estimating v2, we get
|w3pt, rq| ď Cr2
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż π
0
dφ integrandw3
where
integrandw3 “ sin4pφq
ˆ
1` ρ
2
|x` y|2
˙¨˝
λpsq2 logp2` |x`y|
gpsq q logpsq
pgpsq2 ` |x` y|2qs4 log2bpsq `
λpsq2 logpsq
gpsq2s4 log2bpsq
‚˛
We use
logp2` |x`y|
gpsq q
gpsq2 ` |x` y|2 ď
C
gpsq2
to get
|w3pt, rq| ď Cr
2λptq2 logptq
t2gptq2 log2bptq , r ď gptq
Using the same procedure as in steps 2 and 3 of estimating v2, we get
|Brw3pt, rq| ď Crλptq
2 logptq
t2gptq2 log2bptq , r ď gptq
and
|B2rw3pt, rq| ď
Cλptq2 logptq
t2gptq2 log2bptq , r ď gptq
To estimate w3 in the region r ą gptq, we use the analog of (4.78), we get
|w3pt, rq| ď C
ż 8
t
ds
ż s´t
0
ρdρaps´ tq2 ´ ρ2
ż 2π
0
dθ
λpsq2 log2psq
s4 log2bpsq ď
Cλptq2 log2ptq
t2 log2bptq , r ą gptq
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Differentiating the analog of (4.78), we get
|Brw3pt, rq| ď Cλptq
2 logptq
t2 log2bptqgptq , r ą gptq
We then use the observation of step 3 of the v2 estimates to get
|B2rw3pt, rq| ď
Cλptq2 logptq
t2 log2bptqgptq2 , r ě gptq
Using the same procedure that was used to estimate Btw2, we get
|Btw3pt, rq| ď Cλptq
2 logptq
t2gptq log2bptq , r ą 0
We then read off estimates on B2tw3, based on the equation solved by w3, and the previous estimates.
This completes the proof of the lemma. 
Now, for j ě 4, we define wj to be the solution to the following equation, with zero Cauchy data
at infinity.
´Bttwj ` Brrwj ` 1
r
Brwj ´ 4
r2
wj “WRHSjpt, rq
where
WRHSjpt, rq :“
6
´
Q 1
λptq
` vc
¯
r2
˜
w2j´1 ` 2
j´2ÿ
k“2
wkwj´1
¸
` 2
r2
¨˝
w3j´1 ` 3w2j´1
j´2ÿ
k“2
wk ` 3wj´1
˜
j´2ÿ
k“2
wk
¸2‚˛
` 6wj´1
r2
´
v2c ` 2vcQ 1
λptq
¯
(4.91)
As with vj, we will now prove estimates on wj by induction. Let C2 ą 9 be such that the estimates
of lemmas 4.3 and 4.4 hold, with the constant C “ C2 on the right-hand side. Let p ą 900 be
otherwise arbitrary, and let T0,p ą ep900!q
1` 1
b satisfy
C
90p
2
logbptq `
C
90p
2 λptq2 log2ptq
gptq2 logbptq ă e
´p900!q, t ě T0,p
and be otherwise arbitrary. (We recall that λptq
gptq “ 1logb´2ǫptq , and b ą 23 , so, such a T0,p exists). Our
goal is to show that, for a sufficiently large T0,p, we can prove estimates on wj (and its derivatives),
valid for all t ě T1 ` T0,p and all r ě 0, by induction. In the following estimates, we assume
t ě T1 ` T0,p. Let
Dp,k “
#
C2, k “ 3
C
pk
2 , k ě 4
qk “
#
1, k “ 3
2, k ě 4
Suppose, for any j ě 4, and all k with 3 ď k ď j ´ 1, that
(4.92) |wkpt, rq| ď
$&%
Dp,kr
2λptq2 logqk ptq
t2gptq2 logbpk´1qptq , r ď gptq
Dp,kλptq2 log2ptq
t2 logbpk´1qptq , r ą gptq
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(4.93) |Brwkpt, rq| ď
$&%
Dp,krλptq2 log2ptq
t2gptq2 logbpk´1qptq , r ď gptq
Dp,kλptq2 log2ptq
t2 logbpk´1qptqgptq , r ą gptq
(4.94) |B2rwkpt, rq| ď
Dp,kλptq2 log2ptq
t2gptq2 logbpk´1qptq , r ą 0
(4.95) |Btwkpt, rq| ď Dp,kλptq
2 log2ptq
t2gptq logbpk´1qptq
(4.96) |B2twkpt, rq| ď
Dp,kλptq2 log2ptq
t2gptq2 logbpk´1qptq
(4.97) |Btrwkpt, rq| ď Dp,kλptq
2 log2ptq
t2gptq2 logbpk´1qptq
Then, for some constant C independent of t, p, j, we have the following estimates, for t ě T1`T0,p.
|WRHSjpt, rq| ď C
$’’’’&’’’’%
C
ppj´1q
2 r
2λptq2 log2ptq
t4gptq2 logbpj´1qptq , r ď gptq
C
ppj´1q
2 λptq2 log2ptq
t4 logbpj´1qptq , gptq ă r ď
t
2
C
ppj´1q
2 λptq2 log2ptq
t5{2r3{2 logbpj´1qptq
´
1` λptq2 log2prq
t2 logbptq
¯
, r ą t
2
|BrWRHSjpt, rq| ď C
$’’’’&’’’’%
C
ppj´1q
2 rλptq2 log2ptq
t4gptq2 logbpj´1qptq , r ď gptq
C
ppj´1q
2 λptq2 log2ptq
t4gptq logbpj´1qptq , gptq ă r ď
t
2
C
ppj´1q
2 λptq2 log2ptq
t3r logbpj´1qptqgptq `
C
ppj´1q
2 λptq2 log2ptq
r2t5{2 logbpj´2qptq
?
xt´ry logbpxt´ryq , r ą
t
2
|B2rWRHSjpt, rq| ď C
$’&’%
C
ppj´1q
2 λptq2 log2ptq
t4gptq2 logbpj´1qptq , r ď
t
2
C
ppj´1q
2 λptq2 log2ptq
r3{2t5{2gptq2 logbpj´1qptq
´
1` λptq2 log2prq
t2 logbptq
¯
, r ą t
2
Using the same procedure used to estimate w3, we get the following estimates, where the constant
C is independent of t, j, p, and t ě T1 ` T0,p.
(4.98) |wjpt, rq| ď
$’&’%
Cr2C
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq , r ď gptq
CC
ppj´1q
2 λptq2 log2ptq
t2 logbpj´1qptq , r ą gptq
|Brwjpt, rq| ď
$’&’%
CrC
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq , r ď gptq
CC
ppj´1q
2 λptq2 log2ptq
t2gptq logbpj´1qptq , r ą gptq
|B2rwjpt, rq| ď
$’&’%
CC
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq , r ď gptq
CC
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq , r ą gptq
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|Btwjpt, rq| ď CC
ppj´1q
2 λptq2 log2ptq
t2gptq logbpj´1qptq
|B2twjpt, rq| ď
CC
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq
(4.99) |Btrwjpt, rq| ď CC
ppj´1q
2 λptq2 log2ptq
t2gptq2 logbpj´1qptq
Therefore, there exists p0 ą 900 such that CCp0pj´1q2 ď Cp0j2 . Then, by mathematical induction,
(4.92) through (4.97) are true for all j ě 3, provided that T0,p0 is chosen sufficiently large (though
we have slightly better estimates on w3 than what we supposed for the purposes of the induction
argument). Therefore, the series
ws :“
8ÿ
j“3
wj
and the series resulting from applying any first or second order derivative termwise converges
absolutely and uniformly on the set tpt, rq|t ě T1 ` T0,p0 , r ą 0u. From here on, we will further
restrict T0 to satisfy T0 ą T1 ` T0,p0 . Then, for t ě T0, let wcpt, rq :“ w2pt, rq ` wspt, rq. Using the
fact that
WRHSjpt, rq “
6
´
Q 1
λptq
` vc
¯
r2
¨˝˜
j´1ÿ
k“2
wk
¸2
´
˜
j´2ÿ
k“2
wk
¸2‚˛` 2
r2
¨˝˜
j´1ÿ
k“2
wk
¸3
´
˜
j´2ÿ
k“2
wk
¸3‚˛
` 6
r2
wj´1
´
v2c ` 2vcQ 1
λptq
¯
(4.100)
we proceed as in the case of vc, to get
´Bttwc ` Brrwc ` 1
r
Brwc ´ 4wc
r2
“ χě1p r
gptq q
ˆ
B2tQ 1
λptq
´ 6vc
r2
ˆ
1´Q2 1
λptq
prq
˙˙
`
6
´
Q 1
λptq
` vc
¯
r2
w2c
` 2
r2
w3c `
6
r2
wc
´
v2c ` 2vcQ 1
λptq
¯
(4.101)
This will be useful for us in the next section.
4.7. Choosing λptq. Let
F4pt, rq “
ˆ
1´ χě1p r
gptq q
˙ˆ
B2tQ 1
λptq
prq ´ 6vcpt, rq
r2
ˆ
1´Q2 1
λptq
prq
˙˙
` χď1p2r
t
q
¨˚
˚˝´6
ˆ
1´Q2 1
λptq
prq
˙
r2
wcpt, rq
‹˛‹‚(4.102)
(4.103) F5pt, rq “
ˆ
1´ χď1p2r
t
q
˙¨˚˚˝´6
ˆ
1´Q2 1
λptq
prq
˙
r2
wcpt, rq
‹˛‹‚
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where we recall that χď1 was defined in (4.21). If we substitute upt, rq “ Q 1
λptq
prq ` vcpt, rq `
wcpt, rq ` vpt, rq into (1.1), we get
´Bttv ` Brrv ` 1
r
Brv ` 2
r2
´
1´ 3Q 1
λptq
prq2
¯
v “ F4pt, rq ` F5pt, rq ` 2v
3
r2
`
6
´
Q 1
λptq
prq ` vc ` wc
¯
v2
r2
` 6v
r2
ˆ´
vc `Q 1
λptq
` wc
¯2
´Q2 1
λptq
˙
(4.104)
4.7.1. Estimates on F5. We will now show that F5 decays sufficiently quickly in sufficiently many
norms, so that we do not need to include it in the modulation equation for λ. By directly substi-
tuting the estimates of the previous sections into the definition of F5, we get
(4.105) ||F5pt, Rλptqq||L2pRdRq ď
Cλptq3
t5 logb´2ptq
(4.106) ||L˚L pF5pt, Rλptqqq ||L2pRdRq ď
Cλptq5 log2ptq
gptq2 logbptqt5
4.7.2. Solving the modulation equation. Now, we will choose λptq so that
xF4pt, Rλptqq, φ0pRqyL2pRdRq “ 0
This equation can be re-written in the form
xBttQ 1
λptq
´ 6
r2
v1
ˆ
1´Q2 1
λptq
prq
˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
“ x 6
r2
8ÿ
k“2
vk
ˆ
1´Q2 1
λptq
prq
˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
` xχě1pRλptq
gptq q
ˆ
BttQ 1
λptq
´ 6
r2
vc
ˆ
1´Q2 1
λptq
prq
˙˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
` xχď1p
2Rλptq
t
q
r2
6
ˆ
1´Q2 1
λptq
prq
˙
wcpt, rq
ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
(4.107)
We start by computing the left-hand side of (4.107). Firstly, we have
xBttQ 1
λptq
ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq “
2λ2ptq
3λptq
Next, we start by noting that
6
`
1´Q21pRq
˘
R2λptq2 φ0pRq “
24R2
λptq2p1`R2q4
Then, we use
24
λptq2
ż 8
0
R3J2pξRλptqqdR
p1`R2q4 “
ξ3λptq
2
K1pξλptqq
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(which follows from combining integral identities of [9]) to get the following. By the representation
of v1 in terms of its Hankel transform of order 2, noted in previous sections, the choice of yv1,1, and
the sin transform inversion formula, we get
x´ 6
r2
v1
ˆ
1´Q2 1
λptq
prq
˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq “ ´
2λ20ptq
3λ0ptq ` Ev1,ippt, λptqq
where
Ev1,ippt, λptqq “
´λptq
2
ż 8
0
dξ sinptξqyv1,1pξqξ3ˆK1pξλptqq ´ 1
ξλptq
˙
“ λptq
2
ż 8
0
dξ
cosptξq
t3
B3ξ
ˆyv1,1pξqξ3 ˆK1pξλptqq ´ 1
ξλptq
˙˙
Using the symbol-type estimates on yv1,1, asymptotics of the modified Bessel function of the second
kind, (4.3), and the observation (4.27) we get
|Ev1,ippt, λptqq| ď
C logptq
t5{2
(where the power of t in the denominator could be improved, but is sufficient for our purposes).
On the other hand, we have
8ÿ
k“2
|vkpt, rq| ď
$&%
C
2n0
1 r
2
t2 log2bptq , r ď t2
C
2n0
1
log2bptq , r ą t2
and this gives
|vsippt, λptqq| ď C
t2 log2bptq
where
vsippt, λptqq “ x 6
r2
8ÿ
k“2
vk
ˆ
1´Q2 1
λptq
prq
˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
Using our estimates from previous sections, we get
|linippt, λptqq| ď C
t2 logbptq log2pb´2ǫqptq
where
linippt, λptqq :“ xχě1pRλptq
gptq q
ˆ
BttQ 1
λptq
´ 6
r2
vc
ˆ
1´Q2 1
λptq
prq
˙˙ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
and we recall the definition of g: gptq “ λptq logb´2ǫptq. Next, for j ě 3, we use the estimates on
wj given in (4.92), to get
|wc,ippt, λptqq| ď C
t2
ˆ
1
log3b´4ǫ´1ptq `
1
log5b´8ǫ´2ptq
˙
where
wc,ippt, λptqq “ x
χď1p2Rλptqt q
r2
6
ˆ
1´Q2 1
λptq
prq
˙
wcpt, rq
ˇˇˇ
r“Rλptq
, φ0pRqyL2pRdRq
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Substituting λptq “ λ0ptq p1` eptqq , e P B1p0q Ă X (where we recall (4.3) and (4.2)) into (4.107),
we get
(4.108) e2ptq ` 2λ
1
0ptq
λ0ptq e
1ptq “ 3Gpt, λ0ptq p1` eptqqq
2
p1` eptqq
where
(4.109) Gpt, λptqq “ vsippt, λptqq ` linippt, λptqq `wc,ippt, λptqq ´ Ev1,ippt, λptqq
Let B :“ B1p0q Ă X. Our goal is to solve (4.108) for e P B using a fixed point argument. So, we
define T on B by
T peqptq “
ż 8
t
dx
λ0pxq2
ż 8
x
3
2
λ0psq2Gps, λ0psq p1` epsqqq p1` epsqq ds
Combining our estimates above, we get
|Gpt, λ0ptq p1` eptqqq| ď C
t2 log1`δptq
where we recall the definition of δ in (4.1). This gives
|
ż 8
x
3
2
λ0psq2Gps, λ0psq p1` epsqqq p1` epsqq ds| ď C
ż 8
x
λ0psq2ds
s2 log1`δpsq
Then, we integrate by parts to getż 8
x
λ0psq2ds
s2 log1`δpsq “
λ0pxq2
x log1`δpxq `
ż 8
x
ds
s
ˆ
2λ0psqλ10psq
log1`δpsq ´
pδ ` 1qλ0psq2
s logδ`2psq
˙
Therefore,
|
ż 8
x
λ0psq2ds
s2 log1`δpsq | ď C
λ0pxq2
x log1`δpxq `
ˆ
C
logbpxq `
C
logpxq
˙ż 8
x
λ0psq2ds
s2 log1`δpsq
So, there exists T2 ą T1 ` T0,p, and C ą 0 such that, for all x ě T2,
(4.110) |
ż 8
x
λ0psq2ds
s2 log1`δpsq | ď C
λ0pxq2
x log1`δpxq
So, for all T0 ě T2, we have
|T peq1ptq| ď C
t logδ`1ptq , t ě T0
|T peqptq| ď C
ż 8
t
dx
x logδ`1pxq ď
C
logδptq , t ě T0
and
|T peq2ptq| ď C
t2 log1`δptq , t ě T0
In particular, T : B Ñ B. Now, we will study the Lipshitz properties of T . We recall that vsip
depends on λ. To emphasize the dependence of vk on λ, we will write vk “ vλk . Similarly, we
denote the previously defined functions RHSk by RHS
λ
k . Our goal is to understand the Lipshitz
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(in e) dependence of vsippt, λ0ptq p1` eptqqq and Ev1,ippt, λ0ptq p1` eptqqq, for e P B. For i “ 1, 2, let
ei P B, and let λiptq “ λ0ptq p1` eiptqq. Let
F pr, λptqq “
´
1´Q21p rλptq q
¯
φ0p rλptq q
r2λptq2 r
Then,
vsippt, λptqq “ 6
ż 8
0
8ÿ
k“2
vλk pt, rqF pr, λptqqdr
We start with
|B2F pr, λptqq| ď Cr
3λptq
pr2 ` λptq2q4 , |F pr, λptqq| ď
Cr3λptq2
pr2 ` λptq2q4
To understand the Lipshitz (in e) dependence of v
λ0p1`eq
k , we start by noting that v
λ1
2 ´ vλ22 solves
the following equation with 0 Cauchy data at infinity.
(4.111)
ˆ
´Btt ` Brr ` 1
r
Br ´ 4
r2
˙´
vλ12 ´ vλ22
¯
“ 6v1pt, rq
2
r2
ˆ
Q 1
λ1
ptqprq ´Q 1
λ2ptq
prq
˙
There exists an absolute constant C such that, for all e P B we have
C´1λ0ptq ď λ0ptq| p1` eptqq | ď Cλ0ptq, t ě T0
Using this, we get
|Q 1
λ1ptq
prq ´Q 1
λ2ptq
prq| ď C|λ2ptq ´ λ1ptq|λ0ptq
r2
and this gives
||RHSλ12 ps, rq ´RHSλ22 ps, rq||L2prdrq ď
C|λ2psq ´ λ1psq|λ0psq
s3 log2bpsq
Using the procedure of (4.30), and the estimate (4.110), we get
|vλ12 ´ vλ22 |pt, rq ď
C||e1 ´ e2||X
t logδ´δ2ptq
λ0ptq2
t log2bptq , r ě 0, t ě T0
Then, a similar induction procedure used to construct vs shows that there exists C2,m0, T3 ą T2
such that, for t ě T3,
|vλ1j ´ vλ2j |pt, rq ď
C
m0j
2 ||e1 ´ e2||Xλ0ptq2
t2 logbj`δ´δ2ptq , j ě 2
(The main difference between the procedure used to establish the above estimates, and that used
to construct vs is that here, we need only inductively prove estimates on RHS
λ1
j ´RHSλ2j , and use
the procedure of (4.30) to estimate vλ1j ´ vλ2j ). The above estimates imply that, if T0 ě T3 (which
we will assume from now on) then, we have
8ÿ
k“2
|vλ1k ´ vλ2k |pt, rq ď
C||e1 ´ e2||Xλ0ptq2
t2 log2bptq logδ´δ2ptq , t ě T0, r ě 0
This gives
|vsippt, λ1ptqq ´ vsippt, λ2ptqq| ď C||e1 ´ e2||X
t2 log2bptq logδ´δ2ptq , t ě T0
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Again using properties of the modified Bessel function of the second kind, we get
|Ev1,ippt, λ1ptqq ´ Ev1,ippt, λ2ptqq| ď C
||e1 ´ e2||X logptq
t5{2 logδ´δ2ptq
Next, we estimate linippt, λ1ptqq ´ linippt, λ2ptqq. We start by noting that
|χě1p r
g1ptq q ´ χě1p
r
g2ptqq| ď
C||e1 ´ e2||X1trě g0ptq
4
u
logδ´δ2ptq
Next, we let
Fspr, λptq, λ1ptq, λ2ptqq “
BttQ1p rλptq qφ0p rλptq q
λptq2
Then, we use
Fspr, λ1ptq, λ11ptq, λ21ptqq ´ Fspr, λ2ptq, λ12ptq, λ22ptqq
“
ż 1
0
DFspr, λσptqq ¨
`
λ1ptq ´ λ2ptq, λ11ptq ´ λ12ptq, λ21ptq ´ λ22ptq
˘
dσ
where DFs denotes the gradient in the last three arguments of Fs, and
λσptq “
`
σλ1ptq ` p1´ σqλ2ptq, σλ11ptq ` p1´ σqλ12ptq, σλ21ptq ` p1´ σqλ22ptq
˘
This gives
|Fspr, λ1ptq, λ11ptq, λ21ptqq´Fspr, λ2ptq, λ12ptq, λ22ptqq| ď
C||e1 ´ e2||Xλ0ptq2r4
t2 logδ´δ2ptqpr2 ` λ0ptq2q4
ˆ
1
logbptq `
1
logptq
˙
Then, we use our estimates above, and recall that b ą 2
3
to conclude
|linippt, λ1ptqq ´ linippt, λ2ptqq| ď C||e1 ´ e2||X
t2 logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
1
log2b´4ǫptq
To study wc,ippt, λ1ptqq ´wc,ippt, λ2ptqq, we will need to estimate wλ1k ´wλ2k , where we use the same
notational convention as we used for vk. For later use, let giptq “ logb´2ǫptqλiptq, i “ 0, 1, 2. We
start with k “ 2. We split WRHSλ12 ´WRHSλ22 as follows. We define
WRHS2,lip,0pt, rq :“ χě1p r
g2ptq q
ˆ
B2tQ1p
r
λ1ptq q ´ B
2
tQ1p
r
λ2ptqq ´
6vλ2c pt, rq
r2
ˆ
Q21p
r
λ2ptqq ´Q
2
1p
r
λ1ptqq
˙˙
`
ˆ
χě1p r
g1ptqq ´ χě1p
r
g2ptq q
˙ˆ
B2tQ 1
λ1ptq
prq ´ 6v
λ1
c pt, rq
r2
ˆ
1´Q21p
r
λ1ptq q
˙˙
(4.112)
and
WRHS2,lip,1pt, rq “WRHSλ12 pt, rq ´WRHSλ22 pt, rq ´WRHS2,lip,0pt, rq
and write wλ12 pt, rq´wλ22 pt, rq “ w2,lip,0pt, rq`w2,lip,1pt, rq, where w2,lip,j solves the following equa-
tion with 0 Cauchy data at infinity.
´Bttw2,lip,j ` Brrw2,lip,j ` 1
r
Brw2,lip,j ´ 4
r2
w2,lip,j “WRHS2,lip,j
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The point of this splitting is that we will need to use a more complicated procedure to estimate
w2,lip,0, since too many logarithmic losses in estimates are insufficient for our purposes. We have
|WRHS2,lip,1pt, rq| ď
C||e1 ´ e2||X1trě g0ptq
4
uλ0ptq4
t2 logδ´δ2ptq log2bptqpg0ptq2 ` r2q2
Using the analog of (4.78), and a similar procedure used to estimate various integrals arising in the
w2 estimates above, we get
|w2,lip,1pt, rq| ď C||e1 ´ e2||Xλ0ptq
4 logptq
t2 logδ´δ2ptq log2bptqg0ptq2
, r ą 0
In particular, the procedure used to estimate w2,lip,1 does not involve any derivatives ofWRHS2,lip,1,
which is why we did not need to prove any estimates on derivatives of vλ1c ´vλ2c . (Note that vλ1c ´vλ2c
arises in some terms of WRHS2,lip,1). Next, we note that
|BrWRHS2,lip,0pt, rq| ` |WRHS2,lip,0pt, rq|
r
ď C1trě g0ptq
4
u
ˆ
rλ0ptq2||e1 ´ e2||X
t2 logδ´δ2ptqpr2 ` λ0ptq2q2
˙ˆ
1
logbptq `
1
logptq
˙
` C1trě g0ptq
4
u
λ0ptq2||e1 ´ e2||X
logδ´δ2ptqpλ0ptq2 ` r2q2
$&%
r
t2 logbptq , r ď
t
2
1?
r
?
xt´ry logbpxt´ryq , r ą
t
2
(4.113)
and
|B2rWRHS2,lip,0pt, rq|
ď C1trě g0ptq
4
u
λ0ptq2||e1 ´ e2||X
t2 logδ´δ2ptqpr2 ` λ0ptq2q2
ˆ
1
logbptq `
1
logptq
˙
`
C1trě g0ptq
4
uλ0ptq2||e1 ´ e2||X
logδ´δ2ptqpλ0ptq2 ` r2q2
$&%
1
t2 logbptq , r ď
t
2
1
r3{2
?
xt´ry logbpxt´ryq , r ą
t
2
` C
1trě g0ptq
4
uλ0ptq2||e1 ´ e2||X
logδ´δ2ptqpr2 ` λ0ptq2q2
$’’’&’’’%
1
t2 logbptq , r ď
t
2$&%
1?
r logbpxt´ryqxt´ry3{2 `
1
txt´ry logbptq logbpxt´ryq , t ą r ą
t
2
1?
r logbpxt´ryqxt´ry3{2 `
1
t3{2 logbptq , r ą
t
2
(4.114)
(Note that we have two estimates on B2rvc, valid in overlapping regions, which is what gives rise
to the form of the estimates recorded above). Using the same procedure that we used to estimate
Bkrw2 for k “ 0, 1, 2, we get
|w2,lip,0pt, rq| ď
$&%
Cr2λ0ptq2 logp2` rg0ptq q logptq||e1´e2||X
t2pg0ptq2`r2q logδ´δ2 ptq
´
1
logbptq ` 1logptq
¯
, r ď t
2
Cλ0ptq2||e1´e2||X
t2 logδ´δ2ptq
´
1
logbptq `
1
logptq
¯
, r ą t
2
|Brw2,lip,0pt, rq| ď
$&%
Crλ0ptq2 logptq||e1´e2||X
t2g0ptq2 logδ´δ2ptq
´
1
logbptq ` 1logptq
¯
, r ď g0ptq
Cλ0ptq2 logptq||e1´e2||X
t2g0ptq logδ´δ2ptq
´
1
logbptq `
1
logptq
¯
, r ą g0ptq
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|B2rw2,lip,0pt, rq| ď
Cλ0ptq2 logptq||e1 ´ e2||X
t2g0ptq logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
, r ą 0
Next, we consider wλ13 ´ wλ23 , and define WRHS3,lip,0 by
WRHS3,lip,0pt, rq :“
6
ˆ
Q 1
λ1
` vλ1c
˙
r2
w2,lip,0
´
wλ12 ` wλ22
¯
` 2
r2
w2,lip,0
´
pwλ12 q2 `wλ12 wλ22 ` pwλ22 q2
¯
` 6
r2
w2,lip,0
ˆ
pvλ1c q2 ` 2vλ1c Q 1
λ1
˙
(4.115)
As before, we also define
WRHS3,lip,1pt, rq :“ WRHSλ13 pt, rq ´WRHSλ23 pt, rq ´WRHS3,lip,0pt, rq
and, for j “ 0, 1, we let w3,lip,j solve the following equation with 0 Cauchy data at infinity.
´Bttw3,lip,j ` Brrw3,lip,j ` 1
r
Brw3,lip,j ´ 4
r2
w3,lip,j “WRHS3,lip,j
Noting the similarities between WRHS3,lip,0 and WRHS3, we get
|WRHS3,lip,0pt, rq| ď
$&%
Cr2λ0ptq2 logp2` rg0ptq q logptq||e1´e2||X
pg0ptq2`r2qt4 logbptq logδ´δ2 ptq
´
1
logbptq `
1
logptq
¯
, r ď t
2
Cλ0ptq2||e1´e2||X
t5{2r3{2 logbptq logδ´δ2ptq
´
1
logbptq ` 1logptq
¯
, r ą t
2
|BrWHRS3,lip,0pt, rq| ď ||e1 ´ e2||X
logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
¨
$’’’&’’’%
Crλ0ptq2 logptq
g0ptq2t4 logbptq , r ď g0ptq
Cλ0ptq2 logptq
t4 logbptqg0ptq , g0ptq ď r ď
t
2
Cλ0ptq2 logptq
t5{2 logbptqr3{2g0ptq , r ą
t
2
|B2rWRHS3,lip,0pt, rq| ď
||e1 ´ e2||X
logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
¨
$&%
Cλ0ptq2 logptq
t4 logbptqg0ptq2 , r ď
t
2
Cλ0ptq2 logptq
t5{2r3{2 logbptqg0ptq2 , r ą
t
2
The same procedure used to estimate w3 then gives
|w3,lip,0pt, rq| ď
$&%
Cr2λ0ptq2 logptq||e1´e2||X
t2g0ptq2 logbptq logδ´δ2ptq
´
1
logbptq `
1
logptq
¯
, r ď g0ptq
Cλ0ptq2 log2ptq||e1´e2||X
t2 logbptq logδ´δ2 ptq
´
1
logbptq `
1
logptq
¯
, r ą g0ptq
|Brw3,lip,0pt, rq| ď
$&%
Crλ0ptq2 logptq||e1´e2||X
t2g0ptq2 logbptq logδ´δ2 ptq
´
1
logbptq `
1
logptq
¯
, r ď g0ptq
Cλ0ptq2 logptq||e1´e2||X
t2 logbptqg0ptq logδ´δ2ptq
´
1
logbptq ` 1logptq
¯
, r ą g0ptq
|Brrw3,lip,0pt, rq| ď Cλ0ptq
2 logptq||e1 ´ e2||X
t2g0ptq2 logbptq logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
, r ą 0
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Next, we note that
|WRHS3,lip,1pt, rq| ď C||e1 ´ e2||Xλ0ptq
4
logδ´δ2ptq
$&%
logptq
t4 log3bptqg0ptq2 `
logp2` r
g0ptq q logptq
t4 log2bptqpg0ptq2`r2q , r ď
t
2
logptq
t5{2 log3bptqg0ptq2r3{2 `
log2ptq
r3{2t5{2 log2bptqt2 , r ą t2
After applying the procedure of (4.30), we get
|w3,lip,1pt, rq| ď C||e1 ´ e2||Xλ0ptq
4 logptq
t2 log3bptq logδ´δ2ptqg0ptq2
Then, we define, for j ě 4,
WRHSj,lip,0pt, rq : “
6
ˆ
Q 1
λ2ptq
` vλ2c
˙
r2
˜
wj´1,lip,0pwλ1j´1 ` wλ2j´2q ` 2
j´2ÿ
k“2
wk,lip,0w
λ1
j´1 ` 2
j´2ÿ
k“2
wλ2k wj´1,lip,0
¸
` 2
r2
˜
wj´1,lip,0
´
pwλ1j´1q2 ` wλ1j´1wλ2j´1 ` pwλ2j´1q2
¯
` 3wj´1,lip,0pwλ1j´1 ` wλ2j´1q
j´2ÿ
k“2
wλ1k
` 3pwλ2j´1q2
j´2ÿ
k“2
wk,lip,0 ` 3wj´1,lip,0
˜
j´2ÿ
k“2
wλ1k
¸2
` 3wλ2j´1
˜
j´2ÿ
k“2
wk,lip,0
¸˜
j´2ÿ
q“2
´
wλ1q ` wλ2q
¯¸‚˛
` 6wj´1,lip,0
r2
ˆ
pvλ1c q2 ` 2vλ1c Q 1
λ1
˙
(4.116)
and
WRHSj,lip,1pt, rq :“ WRHSλ1j pt, rq ´WRHSλ2j pt, rq ´WRHSj,lip,0pt, rq
As with previous estimates, all estimates which we will prove by induction are valid for all t ě T0,
provided that T0 is sufficiently large. We will no longer explicitly write this after each such estimate.
By using a similar procedure used to estimate wj by induction, we get, for some constant C3 ě C2,
and all j ě 4,
|wj,lip,0pt, rq| ď ||e1 ´ e2||X
logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙$&%
C
j
3r
2λ0ptq2 log2ptq
t2g0ptq2 logbpj´2qptq , r ď g0ptq
C3λ0ptq2 log2ptq
t2 logbpj´2qptq , r ą g0ptq
|Brwj,lip,0pt, rq| ď
$&%
C
j
3rλ0ptq2 log2ptq||e1´e2||X
t2g0ptq2 logbpj´2qptq logδ´δ2 ptq
´
1
logbptq `
1
logptq
¯
, r ď g0ptq
C
j
3λ0ptq2 log2ptq||e1´e2||X
t2 logbpj´2qptqg0ptq logδ´δ2ptq
´
1
logbptq `
1
logptq
¯
, r ą g0ptq
|B2rwj,lip,0pt, rq| ď
C
j
3λ0ptq2 log2ptq||e1 ´ e2||X
t2g0ptq2 logbpj´2qptq logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
, r ą 0
Using a procedure similar to that used to estimate vλ1j ´ vλ2j , we get
|wj,lip,1pt, rq| ď C
j
3 ||e1 ´ e2||Xλ0ptq4 logptq
t2 logbjptq logδ´δ2ptqg0ptq2
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Finally, this gives
|wc,ippt, λ1ptqq ´ wc,ippt, λ2ptqq| ď C||e1 ´ e2||Xλ0ptq
2 logptq
t2g0ptq2 logδ´δ2ptq
ˆ
1
logbptq `
1
logptq
˙
When combined with our previous estimates, we get
|Gps, λ1psqq ´Gps, λ2psqq| ď C||e1 ´ e2||X
logδ´δ2ptqt2 log1`δ3ptq
where
δ3 “ mint2b´ 4ǫ´ 1, 3b´ 4ǫ´ 2u
Note that δ3 ą 0, by the constraints on ǫ. This implies that there exists a constant C independent
of T0 such that, for all e1, e2 P B, and all t ě T0,
||T pe1q ´ T pe2q||X ď C||e1 ´ e2||X
logδ3pT0q
Combined with our previous estimates of T peq (and its derivatives) for e P B, we see that there
exists T4 ą T3 such that, for all T0 ě T4, T has a fixed point, say e0 P B. By inspection of
the definition of T , this means that λptq “ λ0ptq p1` e0ptqq solves (4.107). From now on, we fix
λptq “ λ0ptq p1` e0ptqq.
4.7.3. Estimating λ3. In this section, we will show that e0 P C3prT0,8qq, and estimate e30 ptq. Es-
timating e30 ptq will be done in two steps, exactly as in [18]. First, we obtain a preliminary estimate
on e30 ptq by differentiating an appropriate expression for e20ptq(see (4.118) below). Once we establish
this preliminary estimate, we can differentiate WRHSjpt, rq in the t variable, and this allows us to
justify a different representation formula for Btwj than what was used to establish (4.95). With this
different representation formula for Btwj , we then proceed to prove an estimate on e30 ptq which is
stronger than our preliminary estimate. As a by-product of this procedure, we obtain an estimate
on Btwj which is much better than (4.95), in the region r ď t.
From (4.107), e0 solves
(4.117) e20ptq `
2λ10ptq
λ0ptq e
1
0ptq “
3
2
Gpt, λptqq p1` e0ptqq
We start with (4.117), written in the following form.
e20ptq `
2λ10ptq
λ0ptq e
1
0ptq “ i0ptqe20ptq `
3
2
Grestpt, λptqqp1 ` e0ptqq
where
i0ptq “ 3
2
λ0ptq
ż 8
0
χě1p r
gptq q
4r2λptq
pλptq2 ` r2q2
φ0p rλptq qrdr
λptq2 p1` e0ptqq
Grestpt, λptqq “ Gpt, λptqq ´ 2i0ptqe
2
0ptq
3p1` e0ptqq
There exists a constant C, independent of t, T0, such that
|i0ptq| ď C
log2pb´2ǫqptq
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So, there exists an absolute constant T5 ą T4 such that, for all T0 ą T5, we have (for instance)
|i0ptq| ď 1900000 . Then,
(4.118) e20ptq “
3
2
Grestpt, λptqq p1` e0ptqq ´ 2λ
1
0ptq
λ0ptq e
1
0ptq
1´ i0ptq
Because vs, ws P C2prT0,8qˆr0,8qq, the right-hand side of (4.118) is in C1prT0,8qq. In particular,
e0 P C3prT0,8qq. We will now estimate the t-derivative of the right-hand side of (4.118). We have
vs,ippt, λptqq “
ż 8
0
6
r2
8ÿ
k“2
vkpt, rq
ˆ
1´Q21p
r
λptqq
˙
φ0p r
λptq q
rdr
λptq2
which gives
|Btvs,ippt, λptqq| ď C
t3 log2bptq
Next, we have
|Bt
ˆż 8
0
χě1p r
gptq q
ˆ
4r2pλ1ptqq2pr2 ´ 3λptq2q
pr2 ` λptq2q3 ´
6vcpt, rq
r2
´
1´Q 1
λptq
prq
¯˙
φ0p r
λptqq
rdr
λptq2
˙
| ď Cλptq
2
t3 logbptqgptq2
|i10ptq| ď
Cλ0ptq2
tgptq2
ˆ
1
logbptq `
1
logptq
˙
|Bt
ˆ
i0ptq pλ20ptq p1` e0ptqq ` 2λ10ptqe10ptqq
p1` e0ptqqλ0ptq
˙
| ď Cλ0ptq
2
t3 logbptqgptq2
Using the same procedure used to estimate Ev1,ip, we get
|BtEv1,ippt, λptqq| ď
C logptq
t7{2
Using (4.95), we get
|Btwc,ippt, λptqq| ď C logptq
t2 logbptqgptq
As mentioned before, once we obtain a preliminary estimate on e30 , we will be able to prove a much
stronger estimate on e30 , via improving (4.95). This gives
|BtGrestpt, λptqq| ď C logptq
t2 logbptqgptq
which leads to the following preliminary estimate on e40 .
(4.119) |e30 ptq| ď
C logptq
t2 logbptqgptq
Now that we have this preliminary estimate on e30 , we can prove a better estimate on Btwj. We
start with Btw2. We get
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|BtWRHS2pt, rq| ď C
|χě1p rgptqq|
logbptq
ˆ
1
logbptq `
1
logptq
˙
r2λptq2
t3pr2 ` λptq2q2
` Cχě1p r
gptq q
$’&’%
r2λptq2
t3 logbptqpr2`λptq2q2 `
r2λptq2|e30 ptq|
pr2`λptq2q2 , r ď t2
λptq2
r2t2
ˆ
1?
xt´ry?r logbpxt´ryq `
1
t logbptq ` t2|e30 ptq|
˙
, r ą t
2
(4.120)
|BtrWRHS2pt, rq|
ď C
1trě gptq
2
u
logbptq
ˆ
1
logbptq `
1
logptq
˙
rλptq2
t3pr2 ` λptq2q2
` C1trě gptq
2
u
$’’’’&’’’’%
rλptq2
pr2`λptq2q2
´
1
t3 logbptq ` |e30 ptq|
¯
, r ď t
2
λptq2
r3t2
ˆ
1?
xt´ry?r logbpxt´ryq `
1
t logbptq ` t2|e30 ptq|
˙
`λptq2
r4
´
1?
r logbpxt´ryqxt´ry3{2 `
1
txt´ry logbpxt´ryq logbptq
¯
, t ą r ą t
2
(4.121)
|BtrrWRHS2pt, rq| ď C
1trě gptq
2
u
logbptq
ˆ
1
logbptq `
1
logptq
˙
λptq2
t3pr2 ` λptq2q2
` C1trě gptq
2
u
$&%
λptq2
pr2`λptq2q2
´
1
t3 logbptq ` |e30 ptq|
¯
, r ď t
2
λptq2
r4
?
t logbpxt´ryqxt´ry5{2 `
λptq2|e30 ptq|
r4
, t ą r ą t
2
(4.122)
Now that we have the preliminary estimate on e30 , we can justify the analog of step 4 for Btw2,
and carry out the same procedure, to get
(4.123) |Btw2pt, rq| ď
$’&’%
Cr2λptq2 logp2` r
gptq q logptq
pgptq2`r2q
´
1
t3 logbptq `
supxětp|e30 pxq|x3{2q
t3{2
¯
, r ď t
2
C
ˆ
λptq2
t5{2
?
xt´ry logbpxt´ryq `
supxětpx3{2|e30 pxq|qλptq2
t3{2
˙
log2ptq, t ą r ą t
2
(4.124) |Btrw2pt, rq| ď
$’’’&’’’%
Crλptq2 logptq
gptq2
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, r ď gptq
Cλptq2
logbpxt´ryqt5{2xt´ry3{2 `
Cλptq2 supxětpx3{2|e30 pxq|q
t5{2
`Cλptq2 logptq
gptq
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, gptq ă r ă t
(4.125)
|Btrrw2pt, rq| ď Cλptq
2 logptq
gptq2
˜
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¸
` Cλptq
2
t5{2 logbpxt´ ryqxt´ ry5{2
Now that we have the above estimates, we proceed to estimate Btwj in the region r ď t. We
start with
|BtWRHS3pt, rq| ď
$’&’%
Cr2λptq2 logp2` r
gptq q logptq
t2 logbptqpgptq2`r2q
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, r ď t
2
Cλptq2 log2ptq
r3{2t1{2 logbptq
ˆ
1
t5{2
?
xt´ry logbpxt´ryq `
supxětpx3{2|e30 pxq|q
t3{2
˙
, t ą r ą t
2
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|BtrWRHS3pt, rq| ď
$’’’’’’&’’’’’’%
Crλptq2 logptq
t2 logbptqgptq2
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, r ď gptq
Cλptq2 logptq
t2 logbptqgptq
´
supxětpx3{2|e30 pxq|q
t3{2 ` 1t3 logbptq
¯
, t
2
ą r ą gptq
Cλptq2
r2 logbptq
´
log2ptq
logbpxt´ryqt5{2xt´ry3{2 `
logptq
gptq
´
supxětpx3{2|e30 pxq|q
t3{2 ` 1t3 logbptq
¯¯
` Cλptq2 logptq
r5{2t2 logbptqgptq logbpxt´ryq
?
xt´ry , t ą r ą
t
2
|BtrrWRHS3pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq2
˜
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¸
` Cλptq
2
t2 logbptqt5{2 logbpxt´ ryqxt´ ry5{2 , r ď gptq
|BtrrWRHS3pt, rq| ď Cλptq
2 logptq
t2 logbptqgptq2
˜
supxětpx3{2|e30 pxq|q
t3{2
` 1
t3 logbptq
¸
,
t
2
ą r ą gptq
|BtrrWRHS3pt, rq| ď C
r2 logbptq
λptq2 logptq
gptq2
˜
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¸
` Cλptq
2 logptq
r5{2t2 logbptqgptq2 logbpxt´ ryqaxt´ ry ` Cλptq2 log
2ptq
r5{2t2 logbptqgptq logbpxt´ ryqxt´ ry3{2
` Cλptq
2 log2ptq
r5{2t2 logbptq logbpxt´ ryqxt´ ry5{2 , t ą r ą
t
2
Then, we use the same observation regarding Btw3 as we made for Btw2 in this section, to get
(4.126) |Btw3pt, rq| ď
$&%Cr
2
´
λptq2 logptq
t3 log2bptqgptq2 `
λptq2 logptq supxětpx3{2|e30 pxq|q
logbptqgptq2t3{2
¯
, r ď gptq
Cλptq2 log2ptq
logbptqt5{2
?
xt´ry logbpxt´ryq `
Cλptq2 log2ptq supxětpx3{2|e30 pxq|q
t3{2 logbptq , t ą r ą gptq
|Btrw3pt, rq|
ď
$’&’%
Cr
´
λptq2 logptq
t3 log2bptqgptq2 `
λptq2 logptq supxětpx3{2|e30 pxq|q
logbptqgptq2t3{2
¯
, r ď gptq
C
ˆ
λptq2 logptq
gptq logbptq
supxětpx3{2|e30 pxq|q
t3{2 `
λptq2 log2ptq
logbptq logbpxt´ryqt5{2xt´ry3{2 `
λptq2 logptq
t5{2
?
xt´ry logbpxt´ryq logbptqgptq
˙
, t ą r ą gptq
and
|Btrrw3pt, rq
ď
$&%C
´
λptq2 logptq
t3 log2bptqgptq2 `
λptq2 logptq supxětpx3{2|e30 pxq|q
logbptqgptq2t3{2
¯
, r ď gptq
Cλptq2 logptq
logbptqgptq2
supxětpx3{2|e30 pxq|q
t3{2 `
λptq2 logptq
t5{2 logbptq logbpxt´ryq
?
xt´ry
´
1
gptq2 `
logptq
gptqxt´ry ` logptqxt´ry2
¯
, t ą r ą gptq
Using an argument similar to that used to establish (4.92), etc., we get, after a lengthy compu-
tation, that there exists C4 ą max 1, Cp2 , such that, for all j ě 4,
(4.127)
|Btwjpt, rq| ď
$’&’%
C
j
4r
2λptq2 log2ptq
gptq2
´
1
t3 logbpj´1qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
¯
, r ď gptq
C
j
4λptq2 log2ptq
ˆ
1
t5{2
?
xt´ry logbpxt´ryq logbpj´2qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
˙
, t ą r ą gptq
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(4.128) |Btrwjpt, rq| ď
$’’’’&’’’’%
C
j
4rλptq2 log2ptq
gptq2
´
1
t3 logbpj´1qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
¯
, r ď gptq
C
j
4λptq2 log2ptq
gptq
ˆ
1
t5{2
?
xt´ry logbpxt´ryq logbpj´2qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
˙
` C
j
4λptq2 log2ptq
logbpj´2qptq logbpxt´ryqt5{2xt´ry3{2 , t ą r ą gptq
(4.129) |Btrrwjpt, rq| ď
$’’’’&’’’’%
C
j
4λptq2 log2ptq
gptq2
´
1
t3 logbpj´1qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
¯
, r ď gptq
C
j
4λptq2 log2ptq
gptq2
ˆ
1
t5{2
?
xt´ry logbpxt´ryq logbpj´2qptq `
supxětpx3{2|e30 pxq|q
t3{2 logbpj´2qptq
˙
` C
j
4λptq2 log2ptq
t5{2 logbpj´2qptq logbpxt´ryq
?
xt´ry
´
1
gptqxt´ry ` 1xt´ry2
¯
, t ą r ą gptq
Finally, this gives
|Btwcpt, rq| ď
8ÿ
k“2
|Btwkpt, rq|
ď
$’’’&’’’%
Cr2λptq2 logptq
gptq2
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, r ď gptq
Cλptq2
´
logp2` r
gptqq ` logptqlogbptq
¯
logptq
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, gptq ă r ă t
2
Cλptq2 log2ptq
logbptqt5{2
?
xt´ry logbpxt´ryq `Cλptq
2 log2ptq
´
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¯
, t
2
ă r ă t
Using this estimate, we then get
|Btwc,ippt, λptqq| ď C
˜
1
t3 logbptq `
supxětpx3{2|e30 pxq|q
t3{2
¸
¨
ˆ
1
log2b´4ǫ´1ptq `
1
log4b´8ǫ´1ptq `
1
log5b´8ǫ´2ptq
˙
Let
δ3 “ mint2b´ 4ǫ´ 1, 4b ´ 8ǫ´ 1, 5b ´ 8ǫ´ 2, bu
Combining our previous estimates gives
|BtGrestpt, λptqq| ď C
t3 logb`δ3ptq `
C supxětpx3{2|e30 pxq|q
t3{2 logδ3ptq
If δ4 “ mintδ3, 1` δ ´ δ2u, then (for C independent of t, T0),
(4.130) |e30 ptq| ď
C
t3 logb`δ4ptq `
C supxětpx3{2|e30 pxq|q
t3{2 logδ3ptq , t ě T0
Recalling the preliminary estimate, (4.119), we see that x ÞÑ x3{2|e30 pxq| is a continuous function
on rT0,8q, which decays at infinity. Therefore, for each t ě T0, there exists yptq ě t such that
sup
xět
px3{2|e30 pxq|q “ yptq3{2|e30 pyptqq|
But then, for any t1 ą T0, we evaluate (4.130) at the point t “ ypt1q, and get
ypt1q3{2|e30 pypt1qq| “ sup
xět1
px3{2|e30 pxq|q ď
C
ypt1q3{2 logb`δ4pypt1qq
` C supxěypt1qpx
3{2|e30 pxq|q
logδ3pypt1qq
ď C
t
3{2
1 log
b`δ4pt1q
` C supxět1px
3{2|e30 pxq|q
logδ3pt1q
(4.131)
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where we used
t ÞÑ sup
xět
px3{2|e30 pxq|q is decreasing, and ypt1q ě t1
Therefore, there exists M2 ą 0, C ą 0, independent of T0 such that for all t1 ąM2, we have
|e30 pt1q| ď
C
t31 log
b`δ4pt1q
Since e0 P C3prT0,8qq, we conclude that there exists C ą 0 independent of T0 such that
|e30 ptq| ď
C
t3 logb`δ4ptq , t ě T0
which completes the proof of the final estimate on e30 .
4.7.4. Estimating λ4. By inspection of (4.118), e0 P C4prT0,8qq. Our goal in this section will be
to estimate e40 . From (4.118), we get
|e40 ptq| ď C
ˆ
|B2t pGrestpt, λptqqp1 ` e0ptqqq | ` |B2t
ˆ
λ10ptqe10ptq
λ0ptq
˙
| ` |i20ptqe20ptq| ` |i10ptqe30 ptq|
˙
` C|i10ptq|
ˆ
|BtpGrestpt, λptqq p1` e0ptqqq| ` |Bt
ˆ
λ10ptqe10ptq
λ0ptq
˙
| ` |i10ptqe20ptq|
˙
(4.132)
Then, we note
|B2t vsippt, λptqq| ď
C
t4 log2bptq
|B2t
ˆ´2
3
i0ptq pλ20ptq p1` e0ptqq ` 2λ10ptqe10ptqq
p1` e0ptqqλ0ptq
˙
| ď Cλptq
2
gptq2t4 logbptq
|i20ptq| ď
Cλptq2
gptq2t2
ˆ
1
logbptq `
1
logptq
˙
|B2t
ˆż 8
0
χě1p r
gptq q
ˆ
4r2λ1ptq2pr2 ´ 3λptq2q
pr2 ` λptq2q3 ´
6vc
r2
ˆ
1´Q21p
r
λptq q
˙˙
φ0p r
λptqq
rdr
λptq2
˙
| ď Cλptq
2
gptq2t4 logbptq
Using a similar procedure used to estimate Ev1,ip, we get
|B2tEv1,ippt, λptqq| ď
C logptq
t9{2
Finally, we have the preliminary estimate
|B2twc,ippt, λptqq| ď
C logptq
´
1` logptq
logbptq
¯
t2gptq2 logbptq
In total, this gives the preliminary estimate
|e40 ptq| ď
C logptq
´
1` logptq
logbptq
¯
t2gptq2 logbptq
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As before, we now start to record a better estimate on B2twj than what was previously obtained,
using a procedure which is justified by the preliminary estimate. We start with
|B2tWRHS2pt, rq| ď
C1trě gptq
2
uλptq2
pg2 ` r2q
¨˝
|e40 ptq| `
$&%
1
t4 logbptq , r ď
t
2
1
r5{2 logbpxt´ryqxt´ry3{2 , t ą r ą t2
‚˛
|BttrWRHS2pt, rq| ď C
$’&’%
1trě gptq
2
uλptq
2
pr2`gptq2qr
´
1
t4 logbptq ` |e40 ptq|
¯
, r ď t
2
λptq2|e40 ptq|
r3
` λptq2
r9{2xt´ry5{2 logbpxt´ryq , t ą r ą
t
2
|BttrrWRHS2pt, rq| ď C
$’&’%
1trě gptq
2
uλptq
2
r2pr2`gptq2q
´
1
t4 logbptq ` |e40 ptq|
¯
, r ď t
2
λptq2|e40 ptq|
r4
` λptq2
r9{2xt´ry7{2 logbpxt´ryq , t ą r ą t2
which gives
|B2tw2pt, rq| ď
$&%
Cr2λptq2 logp2` r
gptq q logptq
pgptq2`r2q
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
, r ď t
2
Cλptq2
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
log2ptq ` Cλptq2
t5{2xt´ry3{2 logbpxt´ryq , t ą r ą
t
2
|Bttrw2pt, rq|
ď
$&%
Crλptq2 logptq
gptq2
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
, r ď gptq
Cλptq2 logptq
gptq
´
1
t4 logbptq ` |e40 ptq|
¯
` Cλptq2
´
1
t5{2xt´ry5{2 logbpxt´ryq `
supxětpx3{2|e40 pxq|q
t5{2
¯
, t ą r ą gptq
(4.133)
|Bttrrw2pt, rq| ď Cλptq
2 logptq
gptq2
˜
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¸
` Cλptq
2
t5{2 logbpxt´ ryqxt´ ry7{2
|B2tWRHS3pt, rq| ď C
$&%
λptq2r2 logp2` r
gptq q logptq
t2 logbptqpgptq2`r2q
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
, r ď t
2
λptq2 log2ptq supxětpx3{2|e40 pxq|q
t2 logbptqt3{2 `
λptq2 log2ptq
t9{2 logbptq logbpxt´ryqxt´ry3{2 , t ą r ą
t
2
|BttrWRHS3pt, rq| ď
$’’’’’’&’’’’’’%
Crλptq2 logptq
t6 log2bptqgptq2 `
Cλptq2r logptq supxětpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2 , r ď gptq
Cλptq2 logptq
t2 logbptqgptq
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
, gptq ă r ă t
2
Cλptq2 logptq
t9{2xt´ry3{2 logbptq logbpxt´ryqgptq `
Cλptq2
t5xt´ry2 log2bpxt´ryq
`Cλptq2 logptq
gptqr2 logbptq
´
1
t4 logbptq `
supxětpx3{2|e40 pxq|q
t3{2
¯
` Cλptq2
t9{2xt´ry5{2 logbptq logbpxt´ryq ,
t
2
ă r ă t
|BttrrWRHS3pt, rq| ď C
$’’’’’’&’’’’’’%
λptq2 logptq
t6 log2bptqgptq2 `
λptq2 logptq supxětpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2 , r ď
t
2
λptq2 logptq
t9{2xt´ry5{2 logbptq logbpxt´ryqgptq `
Cλptq2 logptq supxětpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2
` Cλptq2
t9{2xt´ry7{2 logbptq logbpxt´ryq `
Cλptq2 logptq
t9{2gptq2 logbptqxt´ry3{2 logbpxt´ryq
` Cλptq2 log2ptq
t9{2xt´ry7{2 logbpxt´ryq logbptq , t ą r ą
t
2
and these give
|B2tw3pt, rq| ď
$&%Cr
2
´
λptq2 logptq
t4gptq2 log2bptq `
λptq2 logptq supxětpx3{2|e40 pxq|q
t3{2 logbptqgptq2
¯
, r ď gptq
Cλptq2 log2ptq supxětpx3{2|e40 pxq|q
logbptqt3{2 `
Cλptq2 log2ptq
t5{2xt´ry3{2 logbptq logbpxt´ryq , t ą r ą gptq
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|Bttrw3pt, rq| ď
$’’’&’’’%
Cr
´
λptq2 logptq
t4gptq2 log2bptq `
λptq2 logptq supxětpx3{2|e40 pxq|q
t3{2 logbptqgptq2
¯
, r ď gptq
Cλptq2 logptq supxětpx3{2|e40 pxq|q
t3{2gptq logbptq `
Cλptq2 logptq
logbptqgptqt5{2xt´ry3{2 logbpxt´ryq
` Cλptq2
logbptq logbpxt´ryqt5{2xt´ry5{2 , t ą r ą gptq
|Bttrrw3pt, rq| ď
$’’’&’’’%
C
´
λptq2 logptq
t4gptq2 log2bptq `
λptq2 logptq supxětpx3{2|e40 pxq|q
t3{2 logbptqgptq2
¯
, r ď gptq
Cλptq2 logptq supxětpx3{2|e40 pxq|q
logbpgqgptq2t3{2 `
Cλptq2 logptq
t5{2xt´ry5{2 logbptq logbpxt´ryqgptq
` Cλptq2 logptq
t5{2gptq2 logbptqxt´ry3{2 logbpxt´ryq `
Cλptq2 log2ptq
t5{2xt´ry7{2 logbpxt´ryq logbptq , t ą r ą gptq
Then, using an induction argument similar to that used to estimate Btwj , we get that there exists
C5 ą C4 ` Cp2 such that, for all j ě 4,
|B2twjpt, rq| ď
$&%C
j
5r
2
´
λptq2 log2ptq
t4gptq2 logbpj´1qptq `
λptq2 log2ptq supxětpx3{2|e40 pxq|q
t3{2 logbpj´2qptqgptq2
¯
, r ď gptq
C
j
5λptq2 log2ptq
logbpj´2qptq
supxětpx3{2|e40 pxq|q
t3{2 `
C
j
5λptq2 log2ptq
t5{2xt´ry3{2 logbpj´2qptq logbpxt´ryq , t ą r ą gptq
|Bttrwjpt, rq| ď
$&%C
j
5r
´
λptq2 log2ptq
t4gptq2 logbpj´1qptq `
λptq2 log2ptq supxětpx3{2|e40 pxq|q
t3{2 logbpj´2qptqgptq2
¯
, r ď gptq
C
j
5λptq2 log2ptq supxětpx3{2|e40 pxq|q
t3{2gptq logbpj´2qptq `
C
j
5λptq2 log2ptq
logbpj´2qptqt5{2xt´ry3{2 logbpxt´ryq
´
1
gptq ` 1xt´ry
¯
, t ą r ą gptq
|Bttrrwjpt, rq|
ď
$&%C
j
5
´
λptq2 log2ptq
t4gptq2 logbpj´1qptq `
λptq2 log2ptq supxětpx3{2|e40 pxq|q
t3{2gptq2 logbpj´2qptq
¯
, r ď gptq
C
j
5λptq2 log2ptq supxětpx3{2|e40 pxq|q
logbqpj´2qptqgptq2t3{2 `
C
j
5λptq2 log2ptq
t5{2xt´ry3{2 logbpj´2qptq logbpxt´ryq
´
1
xt´rygptq ` 1gptq2 ` 1xt´ry2
¯
, t ą r ą gptq
This leads to the improved estimate
|B2twc,ippt, λptqq| ď
C logptq
t4 log3b´4ǫptq `
C logptq supxětpx3{2|e40 pxq|q
log2b´4ǫptqt3{2
which, when combined with our previous estimates from this section, yields
|e40 ptq| ď
C
t4 logb`δ5ptq `
C supxětpx3{2|e40 pxq|q
log2b´4ǫ´1ptqt3{2
where
δ5 “ mintb, 2b´ 4ǫ´ 1u
Repeating the argument used to estimate e30 , we conclude that there exists C ą 0, independent of
T0 such that
|e40 ptq| ď
C
t4 logb`δ5ptq , t ě T0
4.7.5. Symbol-Type estimates on F4. Our goal will be to establish symbol-type estimates on F4 in
the region r ď t
2
. In order to obtain these estimates, we first have to obtain improved estimates on
Brwc, B2rwc, and Btrwc in the region t2 ą r ą gptq. So, we start with the following lemma.
Lemma 4.5. We have the following symbol-type estimates on wc. For 0 ď j, k ď 2, j ` k ď 2,
(4.134) tjrk|Bkr Bjtwcpt, rq| ď
$&%
Cr2λptq2 logptq
t2gptq2 logbptq , r ď gptq
Cλptq2 logptq
t2 logbptq
´
logp2` r
gptqq ` logptqlogbptq
¯
, gptq ă r ă t
2
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Proof. First, we recall that w2pt, rq “
ş8
t
dsw2,spt, rq, where w2,s solves$’&’%
´Bttw2,s ` Brrw2,s ` 1rBrw2,s ´ 4r2w2,s “ 0
w2,sps, rq “ 0
Btw2,sps, rq “WRHS2ps, rq
Therefore, since t ă s, we expect to obtain better decay for p´Bt ` Brqw2,s than what we would
have for simply Brw2,s. We compute Btw2 by starting with (4.89), and differentiating under the
integral sign. The key point we will use to obtain our estimate is that, for a differentiable function
g, and s´ t ą 0, 2π ą θ ą 0, and q, r ą 0, we have
´ Bt
´
gp
a
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθqq
¯
“ g1p
a
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθqq ps ´ tqq
2 ` rq cospθqa
r2 ` ps´ tq2q2 ` 2rqps´ tq cospθq
and
Br
´
gp
a
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθqq
¯
“ g1p
a
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθqq r ` qps´ tq cospθqa
r2 ` ps´ tq2q2 ` 2rqps´ tq cospθq
So,
p´Bt ` Brq
´
gp
a
r2 ` q2ps ´ tq2 ` 2rqps´ tq cospθqq
¯
“ g1p
a
r2 ` q2ps ´ tq2 ` 2rqps´ tq cospθqq pps´ tqq ` rq p1` cospθqqa
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθq
` g1p
a
r2 ` q2ps´ tq2 ` 2rqps´ tq cospθqq pq ´ 1q ps´ tqq ` r cospθqa
r2 ` ps´ tq2q2 ` 2rqps´ tq cospθq
For ease of notation, and later use, we introduce the following vectors in R2:
x “ re1, y “ qps´ tqpcospθq, sinpθqq
So, the above can be written as
p´Bt ` Brq pgp|x ` y|qq “
`
g1p|x` y|q ¨ |x` y|˘ pps´ tqq ` rq p1` cospθqq
r2 ` q2ps ´ tq2 ` 2rqps´ tq cospθq
` g1p|x` y|q pq ´ 1q py ¨ px` yq|x` y|
“ `g1p|x` y|q ¨ |x` y|˘ pps´ tqq ` rq p1` cospθqqpr ´ qps´ tqq2 ` 2rqps´ tqp1` cospθqq
` g1p|x` y|q pq ´ 1q py ¨ px` yq|x` y|
(4.135)
We will apply this observation to the integrand of the representation formula for w2. The third line
of (4.135) has a gain of decay, as can be seen below. We note, for s ´ t, q, r ą 0, and 0 ă θ ă 2π,
that
pr ´ qps´ tqq2 ` 2rqps´ tqp1` cospθqq ą
$’&’%
Cr2, qps´ tq ă r
2
Crqps´ tqp1 ` cospθqq, r
2
ă qps´ tq ă 2r
Cq2ps´ tq2, 2r ă qps´ tq
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Therefore,
pps´ tqq ` rq p1` cospθqq
pr ´ qps´ tqq2 ` 2rqps´ tqp1 ` cospθqq ď
C
maxtr, qps ´ tqu
Note that the factor 1` cospθq in the numerator of the above expression is crucial in obtaining this
estimate. On the other hand, the fourth line of (4.135) has the factor q ´ 1. The integrand of the
representation formula for w2 contains a factor of
1?
1´q2 . Therefore, the factor q ´ 1 cancels the
singularity of the integrand of the representation formula for w2, and we can obtain a gain of decay
for this term, by appropriately integrating by parts in q, as will be seen below. The decomposition
of (4.135), into one term which gains decay in r ` qps ´ tq, and another, which vanishes at q “ 1,
would not be possible if we only applied, for example, Br to w2.
Letting ρ “ qps´ tq, we now have |x` y| “ar2 ` ρ2 ` 2rρ cospθq, like before, and we get
´ p´Bt ` Brqw2pt, rq
“ 1
2π
ż 8
t
ds
ż s´t
0
ρdρ
ps´ tqaps´ tq2 ´ ρ2
ż 2π
0
dθWRHS2ps, |x` y|q
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
` 1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθB2WRHS2ps, |x` y|q|x` y|
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
¨
ˆ pr ` ρqp1` cospθqq
pr2 ` ρ2 ` 2rρ cospθqq
˙
´ 1
2π
ż 8
t
ds
ż s´t
0
ρdρaps ´ tq2 ´ ρ2
ż 2π
0
dθWRHS2ps, |x` y|q 4ρ
2 sin2pθq
ps ´ tqpr2 ` ρ2 ` 2rρ cospθqq
` 1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθWRHS2ps, |x` y|q 2ρ
2 sin2pθq
pr2 ` ρ2 ` 2rρ cospθqq2 ¨ 2pr ` ρqp1` cospθqq
´ 1
2π
ż 8
t
ds
ż s´t
0
ρdρ
?
s´ t´ ρ?
s´ t` ρ
ż 2π
0
dθ
ps´ tqBρ
ˆ
WRHS2ps,
a
r2 ` ρ2 ` 2rρ cospθqq
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙˙
´ 1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθWRHS2ps, |x` y|q ¨ ´4ρ sin
2pθq
pr2 ` ρ2 ` 2rρ cospθqq
ˆ
ρ
s´ t ´ 1
˙
(4.136)
We split the s integration into two regions, one with s´ t ď r
8
, and another, with s´ t ě r
8
. In the
region with s´ t ď r
8
, we have ρ ď s´ t ď r
8
, and can proceed roughly as we did when previously
estimating Brw2. On the other hand, in the region s´ t ě r8 , we use our previous observations, and
integrate by parts in the fifth line of the above expression to get
| p´Bt ` Brqw2pt, rq| ď C
ż t` r
8
t
ds
ż s´t
0
ρdρ
ps´ tq
a
ps´ tq2 ´ ρ2
ż 2π
0
dθ|WRHS2ps, |x` y|q|
` C
ż t` r
8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθ
ˆ
|B2WRHS2ps, |x` y|q| ` |WRHS2ps, |x` y|q||x` y|
˙
` C
ż 8
t` r
8
ds
ż s´t
0
ρdρa
ps ´ tq2 ´ ρ2
ż 2π
0
dθ
p|B2WRHS2ps, |x` y|q| ¨ |x` y| ` |WRHS2ps, |x` y|qq
pr ` ρq
` C
ż 8
t` r
8
ds
ż s´t
0
dρ
ż 2π
0
dθ
ps´ tq |WRHS2ps, |x` y|q|
(4.137)
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Finally, the third and fourth lines of the above expression shows the gain we obtain when applying
´Bt ` Br to w2. Using a procedure similar to that used to estimate w2, we get
(4.138) |Brw2pt, rq| ď
$’&’%
Cλptq2 logp2` r
gptq q logptq
t2 logbptq
?
r2`gptq2 ,
t
2
ą r ą gptq
Cλptq2 log2ptq
t5{2
?
xt´ry logbpxt´ryq , t ą r ą
t
2
Using our previously recorded estimate on Brw2 in the region r ď gptq, as well as our improved
estimate, (4.138) for t ą r ą gptq, we get
|BrWRHS3pt, rq| ` |WRHS3pt, rq|
r
ď
$&%
Crλptq2 logptq logp2` r
gptq q
t4 log2bptqpr2`gptq2q , r ď
t
2
Cλptq2 log2ptq
t9{2xt´ry logbptq logbpxt´ryq , t ą r ą
t
2
We then use the same procedure as above to estimate p´Bt ` Brqw3. Combining this with the final
estimate on Btw3, namely (4.126), we get
|Brw3pt, rq| ď
$&%
Cλptq2 log2ptq
t3 log2bptq , gptq ă r ă t2
Cλptq2 log2ptq
t5{2
?
xt´ry logbptq logbpxt´ryq ,
t
2
ă r ă t
With the same procedure used to estimate Brw3, and an induction argument similar to those
previously used, we get: there exists C6 ą C4 ` Cp2 such that, for all j ě 4, we have
|Brwjpt, rq| ď
$’&’%
C
j
6λptq2 log2ptq
t3 logbpj´1qptq , gptq ă r ă
t
2
C
j
6λptq2 log2ptq
t5{2
?
xt´ry logbpj´2qptq logbpxt´ryq ,
t
2
ă r ă t
Next, we will estimate Btrwj , for j ě 2. For this, we start with the formula
Btw2pt, rq
“ ´1
2π
ż 8
t
ds
ż s´t
0
ρdρa
ps´ tq2 ´ ρ2
ż 2π
0
dθB1WRHS2ps,
a
r2 ` ρ2 ` 2rρ cospθqq
ˆ
1´ 2ρ
2 sin2pθq
r2 ` ρ2 ` 2rρ cospθq
˙
which was used when obtaining the final estimate on λ3, and which follows from the fact that Btw2
solves the same equation as w2 does, also with 0 Cauchy data at infinity, except with BtWRHS2 on
the right-hand side. Then, we estimate p´Bt ` Brq Btw2 with the same argument used to estimate
p´Bt ` Brqw2. Then, we repeat this argument for wj, for j ě 3, and get
|Btrw2pt, rq| ď
$&%
Cλptq2 logptq logp2` r
gptq q?
r2`gptq2t3 logbptq , gptq ă r ă
t
2
Cλptq2 log2ptq
t5{2xt´ry3{2 logbptq ,
t
2
ă r ă t
|Btrw3pt, rq| ď
$&%
Cλptq2 log2ptq
t4 log2bptq , gptq ă r ď t2
Cλptq2 log2ptq
t5{2xt´ry3{2 logbptq logbpxt´ryq ,
t
2
ď r ă t
There exists C7 ą 3 pCp2 ` C4 ` C5 ` C6q such that for j ě 4, we have
|Btrwjpt, rq| ď
$&%
C
j
7λptq2 log2ptq
t4 logbpj´1qptq , gptq ă r ă
t
2
C
j
7λptq2 log2ptq
t5{2xt´ry3{2 logbpj´2qptq logbpxt´ryq ,
t
2
ă r ă t
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Finally, we read off estimates on r2B2rwj by inspection of the equation it solves, and our previous
estimates. This gives
|r2B2rw2pt, rq| ď
Cλptq2 logp2` r
gptqq logptq
t2 logbptq , gptq ď r ď
t
2
|r2B2rw3pt, rq| ď
Cλptq2 log2ptq
t2 log2bptq , gptq ď r ď
t
2
and, for j ě 4,
|r2B2rwjpt, rq| ď
C
j
7λptq2 log2ptq
t2 logbpj´1qptq , gptq ď r ď
t
2
Combining all of our previous estimates, we get (4.134) 
Then, we obtain, for 0 ď j, k ď 2, and j ` k ď 2,
|rkBkr tjBjtF4pt, rq| ď C1trďgptqu
r2λptq2
t2 logbptqpλptq2 ` r2q2
` C
1trď t
2
uλptq2
pλptq2 ` r2q2
$&%
r2λptq2 logptq
t2gptq2 logbptq , r ď gptq
λptq2 logptq
t2 logbptq
´
logp2` r
gptqq ` logptqlogbptq
¯
, gptq ă r ă t
2
(4.139)
5. Solving the final equation
Substituting upt, rq “ Q 1
λptq
prq ` vcpt, rq ` wcpt, rq ` vpt, rq into (1.1), we get
(5.1) ´ Bttv ` Brrv ` 1
r
Brv ` 2
r2
´
1´ 3Q 1
λptq
prq2
¯
v “ F4pt, rq ` F5pt, rq ` F3pt, rq
where F4 and F5 were defined in (4.102) and (4.103), and
F3pt, rq “ 2vpt, rq
3
r2
`
6
´
Q 1
λptq
prq ` vcpt, rq ` wcpt, rq
¯
r2
vpt, rq2
` 6vpt, rq
r2
ˆ´
vcpt, rq `Q 1
λptq
prq `wcpt, rq
¯2 ´Q 1
λptq
prq2
˙(5.2)
We will (formally) derive the equation for the distorted Fourier transform (as defined in [16]) of
an appropriate re-scaling of v. We will call this function y. Then, we will show that the equation
for y has a (weak) solution with enough regularity to rigorously justify the inverse of each step we
perform to derive its equation, thereby obtaining a (weak) solution to the original equation, (5.1).
We start by defining w by
vpt, rq “ wpt, r
λptq q
c
λptq
r
and evaluate (5.1) at the point pt, Rλptqq. Then, we get
´ Bttw ` 2Rλ
1ptq
λptq BtRw ´
λ1ptq
λptq Btw ´R
2
ˆ
λ1ptq
λptq
˙2ˆ
BRRw ´ 1
R
BRw ` 3
4R2
w
˙
`R
´
BRw ´ w
2R
¯˜λ2ptq
λptq ´ 2
ˆ
λ1ptq
λptq
˙2¸
` 1
λptq2
ˆ
BRRw ` 24p1`R2q2w ´
15
4R2
w
˙
“
?
R pF4pt, Rλptqq ` F5pt, Rλptqq ` F3pt, Rλptqqq
(5.3)
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We will now use the distorted Fourier transform, described in [16]. Two important notational
differences are that we denote by Ăφ0 what is denoted by φ0 in that paper, and we use F to denote
the distorted Fourier transform, rather than p¨. So, we have
Ăφ0prq “ r5{2p1` r2q2 “ ?rφ0prq
We follow the notation of [16], which regards the distorted Fourier transform of f P L2pp0,8qq as
a two-component vector
„
a
gp¨q

, where a “ xf,Ăφ0yL2pdrq. We will use the transference operator, K,
of [16], and recall its definition as
FprBruq “ ´2ξBξFpuq `KpFpuqq
where ´2ξBξ acts only on the second component of Fpuq. Then, for y defined by
Fpwqpt, ξq “
«
y0ptq
y1pt, ξλptq2 q
ff
we evaluate (5.3) at the point pt, ωλptq2q to get
(5.4)
„ ´Btty0
´Btty1 ´ ωy1

“ F2 `F
`?¨ pF3 ` F4 ` F5q pt, ¨λptqq˘ `ωλptq2˘
where
F2 “ ´
˜
´λ1ptq
λptq
„
y10ptq
B1y1pt, ωq

´ 3
4
ˆ
λ1ptq
λptq
˙2 „
y0ptq
y1pt, ωq

´ 1
2
„
y0ptq
y1pt, ωq
˜
λ2ptq
λptq ´ 2
ˆ
λ1ptq
λptq
˙2¸
` 2
ˆ
λ1ptq
λptq
˙
K
˜«
y10ptq
B1y1pt, ¨λptq2 q
ff¸
pωλptq2q ´ 2
ˆ
λ1ptq
λptq
˙2
rK, ξBξs
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
pωλptq2q
´
ˆ
λ1ptq
λptq
˙2
K
˜
K
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸¸
pωλptq2q ` λ
2ptq
λptq K
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
pωλptq2q
¸
(5.5)
As in the definition of the transference operator, in the expression for F2, the operator ξBξ appearing
in the term involving rK, ξBξs
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
only acts on the second component of
«
y0ptq
y1pt, ¨λptq2 q
ff
.
Also, the symbols pωλptq2q appearing after, for instance K
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
mean that the second
component of K
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
is evaluated at the point ωλptq2. (Recall that the first component
of K
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
is a real number, rather than a function of frequency).
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5.1. The Iteration Space. We will now describe the space in which we plan to solve (5.4). We let
pZ, ||¨||Z q denote the normed vector space defined as follows. Z is the set of elements
„
y0ptq
y1pt, ωq

where
y0 : rT0,8q Ñ R, and y1 is an (equivalence class) of measureable functions, y1 : rT0,8qˆp0,8q Ñ R
such that
y0ptq P C1t prT0,8qq
y1pt, ωqt
2 logǫptq
λptq xωλptq
2y3{2
a
ρpωλptq2q P C0t prT0,8q, L2pdωqq
Bty1pt, ωqt
3 logǫptq
λptq xωλptq
2y
a
ρpωλptq2q P C0t prT0,8q, L2pdωqq
and ||
„
y0
y1

||Z ă 8 where
||
„
y0
y1

||Z “ sup
těT0
˜
t2 logǫptq|y0ptq|
λptq2 `
logǫptqλptqt2||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq
λptq2 `
t3 logǫptq|y10ptq|
λptq2
` t
3 logǫptqλptq||Bty1pt, ωqxωλptq2y||L2pρpωλptq2qdωq
λptq2
¸
(5.6)
5.2. F2 estimates. We will now estimate F2, for all
„
y0
y1

P B1p0q Ă Z. We use Proposition 5.2 of
[16], which states that K and rK, ξBξs are bounded on L2,αρ , for all α P R, which, as defined in [16],
has norm
||f ||2
L
2,α
ρ
“ |fp0q|2 `
ż 8
0
|fpξq|2xξy2αρpξqdξ
Then, we proceed exactly as in [18], to get
|F2,0pxq| ď Cλpxq
2
x4 logb`ǫpxq
λpxq||F2,1px, ωq||L2pρpωλpxq2qdωq ď
Cλpxq2
x4 logb`ǫpxq
λpxq4||ωF2,1px, ωq||L2pρpωλpxq2qdωq ď C
λpxq3
x4 logb`ǫpxq
where we define F2,i by
F2 “
„
F2,0
F2,1

5.3. F3 estimates. Like in [18], it is convenient for us to introduce the operator L defined by
Lpfq “ ´f 1prq ` 2
ˆ
1´ r2
1` r2
˙
fprq
r
which has the formal adjoint on L2prdrq given by
L˚pfq “ f 1prq ` 2
ˆ
1´ r2
1` r2
˙
fprq
r
` fprq
r
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As noted in [19], L satisfies
L˚Lpuqprq “ ´Brru´ 1
r
Bru´ 2
r2
`
1´ 3Q1prq2
˘
u
We start with a lemma similar to Lemma 5.1 of [18].
Lemma 5.1. There exists C ą 0 such that, for all
„
y0
y1pξq

with y1pξqxξy3{2 P L2pp0,8q, ρpξqdξq, if
v is given by
vprq “ 1?
r
F
´1
ˆ„
y0
y1
˙
prq “ y0 φ0prq||φ0||2L2prdrq
`
ż 8
0
φpr, ξq?
r
y1pξqρpξqdξ
then, Brv and v admit continuous extensions to r0,8q (which we also denote by Brv and v):
Brv, v P C0pr0,8qq
vp0q “ Brvp0q “ lim
rÑ8 vprq “ limrÑ8 Brvprq “ 0
(5.7) ||v||L2prdrq ď C
`|y0| ` ||y1pξq||L2pρpξqdξq˘
(5.8) ||Lv||L2prdrq “ ||
a
ξy1pξq||L2pρpξqdξq
(5.9) ||L˚Lv||L2prdrq “ ||ξy1pξq||L2pρpξqdξq
(5.10)
|vprq|
r2
axlogprqy ď C
´
|y0| ` ||y1pξqxξy3{2||L2pρpξqdξq
¯
, r ď 1
(5.11) |Lvprq| ď Cr
a
xlogprqy||y1pξqxξy3{2||L2pρpξqdξq, r ď 1
(5.12) |L˚Lvprq| ď C
a
xlogprqy||y1pξqxξy3{2||L2pρpξqdξq, 0 ă r ď 1
(5.13) ||v||L8 ď C||v|| 9H1e
(5.14) ||v|| 9H1e ď C
`||Lpvq||L2prdrq ` ||v||L2prdrq˘
(5.15) ||Lv||L8 ` ||Lv|| 9H1e ď C||L
˚Lv||L2prdrq
Proof. The proof of this lemma is very similar to that of Lemma 5.1 of [18], but, we will include a
proof here for completeness. To establish (5.10), it suffices to estimate the following integral, using
the estimates on φpr, ξq, a, and ρ from section 4 of [16]. For r ď 1,
|
ż 8
0
y1pξqφpr, ξq
r5{2
ρpξqdξa
xlogprqy | ď
Ca
xlogprqy
ż 4
r2
0
|y1pξq|xξy3{2
a
ρpξq
a
ρpξqdξ
xξy3{2 ` C
ż 8
4
r2
|y1pξq| ¨ |apξq|ρpξqdξ
ξ1{4r5{2
a
xlogprqy
ď Caxlogprqy ||y1pξqxξy3{2||L2pρpξqdξq
˜ż 4
r2
0
ρpξqdξ
xξy3
¸1{2
` Caxlogprqy ||y1pξqxξy3{2||L2pρpξqdξq
(5.16)
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The proofs of (5.11) and (5.12) are similar. The only new point to note is that Lpφ0q “ 0, which
explains why there is no y0 term on the right-hand sides of these inequalities. Also, we use the fact
that the functions rφj (which appear in a representation formula of φpr, ξq) in [16] satisfy symbol-
type estimates. This is not directly stated in Proposition 4.5 of [16]. However, this fact can be
proven in a straightforward manner by noting that
rφjpuq “ u´j rfjpuq, rf0puq “ u2p1` uq2 , rf1puq “ ´u3p2` uq6p1 ` uq2
and then using an argument by induction to estimate rfj 1puq, given the representation formula ofrfj in terms of Ąfj´1 from [16]. The lemma statement regarding continuity of v and Brv is proven
with the Dominated convergence theorem, again using the estimates on φpr, ξq from section 4 of
[16], and with a similar argument as in [18]. The Dominated convergence theorem also shows that
v and Brv extend continuously to r0,8q with vp0q “ Brvp0q “ limrÑ8 vprq “ limrÑ8 Brvprq “ 0.
The inequality (5.7) follows directly from the L2 isometry property of F . To prove (5.11), we first
recall the conjugation of L˚L used in [16], namely L, which satisfies
Lpuqprq “ L˚L
ˆ
up¨q?¨
˙
prq?r
and for which φpr, ξq are eigenfunctions. Using the Dominated convergence theorem, we have, for
r ą 0,
Lpvp¨q?¨qprq “
ż 8
0
Lpφp¨, ξqqprqy1pξqρpξqdξ “
ż 8
0
ξφpr, ξqy1pξqρpξqdξ “ F´1
ˆ„
0
ξy1pξq
˙
prq
where we again emphasize that we regard the distorted Fourier transform as a two-component
vector, following [16]. We can now prove (5.9) using the L2 isometry property of F .
||ξy1pξq||L2pρpξqdξq “ ||Lpvp¨q
?¨qprq||L2pdrq “ ||L˚Lpvq||L2prdrq
Continuing the proof of (5.8), we have
xL `vp¨q?¨˘ prq, vprq?ryL2pdrq “ xF´1ˆ„ 0ξy1pξq
˙
,F´1
ˆ„
y0
y1
˙
prqyL2pdrq
“ xξy1pξq, y1pξqyL2pρpξqdξq “ ||
a
ξy1pξq||2L2pρpξqdξq
(5.17)
On the other hand,
xL `vp¨q?¨˘ prq, vprq?ryL2pdrq “ ż 8
0
L˚Lpvqprqvprqrdr(5.18)
Recalling the assumptions of the lemma, and (5.7) and (5.9), which we have proven at this point,
we see that
L˚Lpvqprqvprqr P L1pp0,8q, drq
Therefore, by the Dominated convergence theorem,ż 8
0
vprqL˚Lvprqrdr “ lim
MÑ8
ż 8
0
vprqL˚Lvprqψď1p r
M
qrdr
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where
0 ď ψď1pxq ď 1, ψď1 P C8pRq, ψ1ď1pxq ď 0, ψď1pxq “
#
1, x ď 1
2
0, x ě 1
Then, we inspect integral which arises from the term Br in the expression for L˚, and integrate by
parts once to get, for instance, for all M ě 1,
ż 8
0
vprqBrLvprqψď1p r
M
qrdr “ ´
ż 8
0
LvprqBr
´
vprqψď1p r
M
qr
¯
dr “
“ ´
ż 8
0
Lpvqprq
ˆ
Brvprq ` vprq
r
˙
ψď1p r
M
qrdr `
ż 8
0
Br
`pvprqq2˘
2
ψ1ď1p rM q
M
rdr ´
ż 8
0
2
ˆ
1´ r2
1` r2
˙
vprq2
r
ψ1ď1p rM q
M
rdr
(5.19)
For the integral below, we integrate by parts again, to get
|
ż 8
0
Br
`pvprqq2˘
2
ψ1ď1p rM q
M
rdr| “ | ´
ż 8
0
vprq2
2
ˆ
ψ2ď1p rM q
M2
` ψ
1ď1p rM q
Mr
˙
rdr| ď C
M2
||v||2L2prdrq
In total, we haveż 8
0
vprqL˚Lvprqrdr “ lim
MÑ8
ż 8
0
vprqL˚Lvprqψď1p r
M
qrdr “ lim
MÑ8
ż 8
0
pLvprqq2ψď1p r
M
qrdr
By the Monotone convergence theorem (recall that ψ1ď1pxq ď 0) we getż 8
0
pLvprqq2rdr “
ż 8
0
vprqL˚Lvprqrdr
Combining this with the observation (5.17), we get
||
a
ξy1pξq||2L2pρpξqdξq “
ż 8
0
pLvprqq2rdr
which is (5.8). The inequality (5.14) is proven similarly to the analogous estimate in [18], except
that we will not need to use an approximation argument. From the lemma hypotheses, and what
we have established up to now, v P C1pr0,8qq X L2pp0,8q, rdrq, and Lv P L2pp0,8q, rdrq with
vp0q “ limrÑ8 vprq “ 0. So,
Lvprq “ ´v1prq ` 2
r
vprq ` vprq ¨
ˆ ´4r
1` r2
˙
which shows that
(5.20) ´ v1prq ` 2
r
vprq “ Lvprq ´ vprq ¨
ˆ ´4r
1` r2
˙
P L2pp0,8q, rdrq
So, for any M ą 4,
(5.21)
ż M
1
M
p´v1prq ` 2
r
vprqq2rdr “
ż M
1
M
ˆ
pv1prqq2 ` 4
r2
vprq2
˙
rdr ´ 2
ż M
1
M
d
dr
ppvprq2qdr
By the Dominated convergence theorem, and the observation (5.20), we have
lim
MÑ8
ż M
1
M
p´v1prq ` 2
r
vprqq2rdr “
ż 8
0
p´v1prq ` 2
r
vprqq2rdr
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We then let M Ñ8 in (5.21) and use the Monotone convergence theorem, to getż 8
0
ˆ
pv1prqq2 ` 4
r2
vprq2
˙
rdr “
ż 8
0
p´v1prq ` 2
r
vprqq2rdr ď C
´
||Lv||2L2prdrq ` ||v||2L2prdrq
¯
where the last inequality follows from (5.20). This in particular, proves that v P 9H1e , with the
estimate (5.14). The next inequality to prove, (5.13), is proven in the same way as in [18]. Since
v P C1pr0,8qq X 9H1e , with vp0q “ 0, we use the Fundamental theorem of calculus for v2, to get
vprq2 ď C
ż r
0
|vprq|?
r
|Brv|
?
rdr ď C||v
r
||L2prdrq||Brv||L2prdrq ď C||v||29H1e
The final estimate to prove is (5.15). If we have g P C1pr0,8qq X L2pp0,8q, rdrq, and L˚g P
L2pp0,8q, rdrq with gp0q “ limrÑ8 gprq “ 0, then, we recall the definition of L˚:
L˚pfqprq “ f 1prq ` V prqfprq, where V prq “
2
´
1´r2
1`r2
¯
r
` 1
r
For M ą 4,ż M
1
M
pL˚gq2 rdr “
ż M
1
M
pg1prqq2rdr `
ż M
1
M
pV prqq2gprq2rdr ` 2
ż M
1
M
V prq d
dr
pgprq2qr
2
dr
The last term in the expression above is
V prqgprq2r
ˇˇˇM
1
M
´
ż M
1
M
pgprqq2 d
dr
pV prqrq dr
Letting M Ñ8, we get
||L˚g||2L2prdrq ě C lim
MÑ8
ż M
1
M
ˆ
pg1prqq2 ` gprq
2
r2
˙
rdr
By the Monotone convergence theorem, we then get that g P 9H1e , and
||g|| 9H1e ď C||L
˚g||L2prdrq
Then, we can apply our previous estimate to get
(5.22) ||g||L8 ď C||g|| 9H1e ď C||L
˚g||L2prdrq
Note that Lv does not quite satisfy all of the stated assumptions on g used in the preceeding
argument. Therefore, we define, for M ě 4,
vM prq “ y0 φ0prq||φ0||2L2prdrq
`
ż 8
0
φpr, ξq?
r
y1pξqρpξqχď1p ξ
M
qdξ
As in the proof of Lemma 5.1 in [18], we verify, via the Dominated convergence theorem, that
LvM P C1pr0,8qq, and that LvM P L2pp0,8q, rdrq, L˚LvM P L2pp0,8q, rdrq with LpvM qp0q “
limrÑ8 LpvM qprq “ 0 Therefore, we have (5.22) for g “ LvM . An approximation argument then
establishes (5.15). 
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We recall the definition of F3.
F3pt, rq “ 2vpt, rq
3
r2
`
6
´
Q 1
λptq
prq ` vcpt, rq ` wcpt, rq
¯
r2
vpt, rq2
` 6vpt, rq
r2
ˆ´
vcpt, rq `Q 1
λptq
prq `wcpt, rq
¯2
´Q 1
λptq
prq2
˙
where v is given in terms of our previously defined function y, by
vpt, rq “ y0ptq
φ0p rλptq q
||φ0||2L2prdrq
`
ż 8
0
y1pt, ξ
λptq2 qφp
r
λptq , ξq
c
λptq
r
ρpξqdξ
Now, we will record estimates on quantities associated to F3, for any
„
y0
y1

satisfying y1pt, ωqxωλptq2y3{2 P
L2pρpωλptq2qdωq. For ease of notation, we let
vcorrpt, rq “ vcpt, rq ` wcpt, rq
Using the identical procedure used in [18], and the above lemma, we get
||F3pt, Rλptqq||L2pRdRq
ď C
λptq2
´
y0ptq2 ` λptq2||y1pt, ωqxωλptq2y3{2||2L2pρpωλptq2qdωq ` |y0ptq|3
` λptq3||y1pt, ωqxωλptq2y3{2||3L2pρpωλptq2qdωq
¯
` C
´
|y0ptq| ` λptq||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq
¯
||2vcorrpt, RλptqqQ1pRq ` v
2
corrpt, Rλptqq
R2λptq2 ||L8R
(5.23)
and
||L˚LpF3pt, Rλptqqq||L2pRdRq
ď C
´
py0ptqq2 ` λptq2||y1pt, ωqxωλptq2y3{2||2L2pρpωλptq2qdωq
¯
λptq2 `
C
´
|y0ptq|3 ` λptq3||y1pt, ωqxωλptq2y3{2||3L2pρpωλptq2qdωq
¯
λptq2
` C
´
|y0ptq| ` λptq||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq
¯
¨
˜
||2vcorrpt, RλptqqQ1pRq ` v
2
corrpt, Rλptqq
R2λptq2 ||L8R ` supRě1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R2
¸
` sup
Rě1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
R2λptq2
¸
` sup
Rď1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R
¸
` sup
Rď1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2
¸¸
(5.24)
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From our estimates on vc and wc, we get
˜
||2vcorrpt, RλptqqQ1pRq ` v
2
corrpt, Rλptqq
R2λptq2 ||L8R ` supRě1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R2
¸
` sup
Rě1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
R2λptq2
¸
` sup
Rď1
˜
|BR
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2R
¸
` sup
Rď1
˜
|B2R
`
2vcorrpt, RλptqqQ1pRq ` v2corrpt, Rλptqq
˘ |
λptq2
¸¸
ď C
t2 logbptq
(5.25)
5.4. F4 Estimates. Here, we will estimate certain oscillatory integrals applied to F4, for later
use. First, we will need an estimate related to the function ρ appearing in the spectral measure
associated to the distorted Fourier transform of [16]. Using the same procedure as we used in [18],
and the estimates on ρ following from Lemma 4.7 of [16], we get
(5.26)
ρpωλptq2q
ρpωλpxq2q ď Cmaxt
λptq4
λpxq4 , 1u
For ease of notation, we define F p?¨F4 px, ¨λpxqqqi
`
ωλpxq2˘ by
F
`?¨F4 px, ¨λpxqq˘ `ωλpxq2˘ “ „F p?¨F4 px, ¨λpxqqq0 `ωλpxq2˘
F p?¨F4 px, ¨λpxqqq1
`
ωλpxq2˘

Later on, we will use this notation for F3 and F5 as well. Because F4px,Rλpxqq is orthogonal to
φ0pRq in L2pRdRq, we have
Fp?¨F4px, ¨λpxqqqpωλpxq2q “
„
0
Fp?¨F4px, ¨λpxqqq1pωλpxq2q

Now, we will prove the following lemma
Lemma 5.2. We have the following estimates
(5.27)
||λptq `ωλptq2˘3{2 ż 8
t
dx
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqq1pωλpxq2q||L2pρpωλptq2qdωq ď
Cλptq2
t2 logbptq
||λptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq
ď Cλptq
2
t2
ˆ
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq `
1
log2ǫptq `
1
logbptq
˙(5.28)
||λptq
ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď Cλptq
2
t3
ˆ
1
logbptq `
1
log2ǫptq `
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq
˙(5.29)
||λptq `ωλptq2˘ ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď Cλptq
2
t3
ˆ
1
log2b´2ǫ´1ptq `
1
log3b´2ǫ´2ptq `
1
log2ǫptq `
1
logbptq
˙(5.30)
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Proof. We start by estimating Fp?¨F4px, ¨λpxqqq1pωλpxq2q, and use the same procedure we used
in [18]. For completeness, we will write out in detail the steps where we use the orthogonality of
F4px,Rλpxqq to φ0pRq in L2pRdRq. We have
Fp?¨F4px, ¨λpxqqq1pωλpxq2q “
ż 8
0
?
RF4px,RλpxqqφpR,ωλpxq2qdR “ 1
λpxq3{2
ż 8
0
?
uF4px, uqφp u
λpxq , ωλpxq
2qdu
Using the descriptions of φpr, ξq given in [16], we divide into two regions: r2ξ ď 4 and r2ξ ą 4, and
get
1
λpxq3{2
ż 8
0
?
uF4px, uqφp u
λpxq , ωλpxq
2qdu
“ 1
λpxq3{2
ż 2?
ω
0
?
uF4px, uqĂφ0p u
λpxq qdu`
1
λpxq3{2
ż 2?
ω
0
?
uF4px, uq
8ÿ
j“1
rφjp u2λpxq2 q
u3{2
λpxq3{2pu2ωqjdu
` 2
λpxq3{2Re
˜ż 8
2?
ω
?
uF4px, uqapωλpxq2qψ`p u
λpxq , λpxq
2ωqdu
¸
(5.31)
We use the orthogonality of F4px,Rλpxqq to φ0pRq in L2pRdRq, as part of estimating
I :“ 1
λpxq3{2
ż 2?
ω
0
?
uF4px, uqĂφ0p u
λpxq qdu “
1
λpxq2
ż 2?
ω
0
F4px, uquφ0p u
λpxq qdu
We split into 4 cases, depending on the range of ω.
Case 1: ω ă 16
x2
. In this case, we use the orthogonality to get
I “ 1
λpxq2
ż 2?
ω
0
F4px, uquφ0p u
λpxq qdu “ ´
1
λpxq2
ż 8
2?
ω
F4px, uquφ0p u
λpxq qdu “ 0
where we used the support conditions on χě1pxq, and the fact that tgptq ą 1600.
Case 2: 16
x2
ă ω ď 4
gpxq2 . In this case, we again use the orthogonality to get
| 1
λpxq2
ż 2?
ω
0
F4px, uquφ0p u
λpxq qdu| “ | ´
1
λpxq2
ż 8
2?
ω
F4px, uqφ0p u
λpxq qudu|
ď Cλpxq
4 logpxq
x2 logbpxq ω
2
ˆ
logp2` 2?
ωgpxq q `
logpxq
logbpxq
˙(5.32)
Case 3: 4
gpxq2 ď ω ď 4λpxq2 . Using the orthogonality, we get
| 1
λpxq2
ż 2?
ω
0
F4px, uquφ0p u
λpxq qdu| “ | ´
1
λpxq2
ż 8
2?
ω
F4px, uqφ0p u
λpxq qudu|
ď
Cλpxq4 logpxq
´
1` logpxq
logbpxq
¯
x2 logbpxqgpxq4 `
Cωλpxq2
x2 logbpxq
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Case 4: 4
λpxq2 ď ω. Here, we do not need to use the orthogonality, and simply directly estimate
| 1
λpxq2
ż 2?
ω
0
F4px, uquφ0p u
λpxq qdu| ď
C
ω3λpxq6x2 logbpxq
To estimate the other two integrals of (5.31), we use the same procedure that we used in [18]. In
total, we get
(5.33)
λpxq||Fp
?¨F4px, ¨λpxqqq1pωλpxq2q
ω
||L2pρpωλpxq2qdωq ď
Cλpxq2
x2 logbpxq`
Cλpxq2
x2 log2ǫpxq`
Cλpxq2
x2 log2b´2ǫ´1pxq`
Cλpxq2
x2 log3b´2´2ǫpxq
which will be used later on. The first integral to estimate is
λptq `ωλptq2˘3{2 ż 8
t
dx
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
“ ´λptq4Fp?¨F4pt, ¨λptqqq1pωλptq2q
?
ω ´ λptq4
ż 8
t
cosppt´ xq?ωq?
ω
ωBx
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
dx
(5.34)
Using (5.8), we have
||λptq4Fp?¨F4pt, ¨λptqqq1pωλptq2q
?
ω||L2pρpωλptq2qdωq “ λptq2||LpF4pt, ¨λptqqq||L2pRdRq
Then, we use the symbol-type estimates on F4, namely (4.139), to get
||LpF4pt, ¨λptqqq||L2pRdRq ď
C
t2 logbptq
which gives
||λptq4Fp?¨F4pt, ¨λptqqq1pωλptq2q
?
ω||L2pρpωλptq2qdωq ď
Cλptq2
t2 logbptq
Next, we note that
Bx
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘ “ Fp?¨Bx pF4px, ¨λpxqqqq1pωλpxq2q`Fp?¨F4px, ¨λpxqqq11pωλpxq2q2λpxqλ1pxqω
Then, we recall the transference identity of [16], which says
FpRBRuqpξq “
„
0
´2ξBξFpuq1

`KpFpuqqpξq
where we write
Fpuq “
„
Fpuq0
Fpuq1

This gives
||2λpxqλ1pxqωFp?¨F4px, ¨λpxqqq11pωλpxq2q
?
ω||2L2pρpωλpxq2qdωq
ď Cλ
1pxq2
λpxq6
ˆ
||FpRBRp
?
RF4px,Rλpxqqqqpξq||2
L
2, 1
2
ρ
` ||KpFp?¨F4px, ¨λpxqqqqpξq||2
L
2, 1
2
ρ
˙
(5.35)
Then, we estimate
|xRBR
´?
RF4px,Rλpxqq
¯
,Ăφ0yL2pdRq| ď C
x2 logbpxq
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Next, we again use (5.8) to get
||FpRBRp
?
RF4px,Rλpxqqqq1pξqxξy1{2||2L2pρpξqqdξq
ď C||Lp
?
RBRp
?
RF4px,Rλpxqqqq||2L2pRdRq ` C||RBRp
?
RF4px,Rλpxqqq||2L2pdRq
(5.36)
Using (4.139), we get
||Lp
?
RBRp
?
RF4px,Rλpxqqqq||2L2pRdRq ď
C
x4 log2bpxq
||RBRp
?
RF4px,Rλpxqqq||L2pdRq ď
C
x2 logbpxq
which gives
||FpRBRp
?
RF4px,Rλpxqqqq1pξqxξy1{2||2L2pρpξqdξq ď
C
x4 log2bpxq
Similarly
||Fp?¨F4px, ¨λpxqqq||2
L
2, 1
2
ρ
ď C
ż 8
0
R|F4px,Rλpxqq|2dR `C
ż 8
0
|LpF4px,Rλpxqqq|2RdR
ď C
x4 log2bpxq
(5.37)
This finally gives
||2λpxqλ1pxqωFp?¨F4px, ¨λpxqqq11pωλpxq2q
?
ω||2L2pρpωλpxq2qdωq ď
Cλ1pxq2
x4λpxq6 log2bpxq
We again use (5.8), and (4.139) to get
||?ωFp?¨Bx pF4px, ¨λpxqqqq1pωλpxq2q||L2pρpωλpxq2qdωq ď
C
λpxq2 ||LpBxpF4px,Rλpxqqqq||L2pRdRq ď
C
λpxq2x3 logbpxq
So, using Minkowski’s inequality and (5.26), we get
||λptq4
ż 8
t
dx cosppt´ xq?ωq?ωBx
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘ ||L2pρpωλptq2qdωq
ď Cλptq4
ż 8
t
dx
ˆ
1` λptq
2
λpxq2
˙
1
λpxq2x3 logbpxq ď
Cλptq2
t2 logbptq
(5.38)
where we obtained the last inequality using the same procedure that we used to treat the integral
(4.110). In total, we then obtain
||λptq `ωλptq2˘3{2 ż 8
t
dx
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqq1pωλpxq2q||L2pρpωλptq2qdωq ď
Cλptq2
t2 logbptq
The next integral to estimate is
λptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2qdx
“ ´λptqFp
?¨F4pt, ¨λptqqq1pωλptq2q
ω
´ λptq
ż 8
t
cosppt´ xq?ωq
ω
Bx
`
Fp?¨F4px, ¨λpxqq1pωλpxq2q
˘
dx
(5.39)
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We recall
Bx
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘ “ Fp?¨Bx pF4px, ¨λpxqqqq1pωλpxq2q`Fp?¨F4px, ¨λpxqqq11pωλpxq2q2λpxqλ1pxqω
This time, however, since the integrand of the second line of (5.39) has a factor of 1
ω
, we will directly
estimate Fp?¨F4px, ¨λpxqqq11pξq, rather than using an argument based on the transference identity.
We have
Fp?¨F4px, ¨λpxqqq11pωλpxq2q “ IV ` V
where
IV “
ż 2?
ω
0
B2φp u
λpxq , ωλpxq
2q
?
u
λpxq3{2F4px, uqdu
V “
ż 8
2?
ω
B2φp u
λpxq , ωλpxq
2q
?
u
λpxq3{2F4px, uqdu
then, we get
|IV | ď
$’’’’’’&’’’’’’%
Cgpxq2
λpxq2x2 logbpxq `
C log3pxq
x2 logbpxq , ω ă
16
x2
Cgpxq2
λpxq2x2 logbpxq `
C logpxq logp2` 2?
ωgpxq q
x2 logbpxq
´
logp2` 2?
ωgpxqq `
logpxq
logbpxq
¯
, 16
x2
ă ω ď 4
gpxq2
C
ωλpxq2x2 logbpxq ,
4
gpxq2 ă ω ď 4λpxq2
C
x2 logbpxqλpxq8ω4 ,
4
λpxq2 ă ω
|V | ď
$’’’’’’’&’’’’’’’%
0, ω ď 16
x2
C|apωλpxq2q| logpxq
´
logp2` 2?
ωgpxq q`
logpxq
logbpxq
¯
x2 logbpxq ,
16
x2
ă ω ă 4
gpxq2
C|apωλpxq2q|
?
gpxq
ω3{4λpxq2x2 logbpxq ,
4
gpxq2 ă ω ď 4λpxq2
C|apωλpxq2q|
?
gpxq
λpxq2ω3{4x2 logbpxq ,
4
λpxq2 ă ω
In order to estimate
||Fp
?¨BxpF4px, ¨λpxqqqq1pωλpxq2q
ω
||L2pρpωλpxq2qdωq
we note that BxpF4px,Rλpxqqq is still orthogonal to φ0pRq in L2pRdRq, and we recall our symbol
type estimates on F4, namely (4.139). These two observations, along with an inspection of the
procedure used to obtain (5.33) give
||Fp
?¨BxpF4px, ¨λpxqqqq1pωλpxq2q
ω
||L2pρpωλpxq2qdωq ď
Cλpxq
x3
ˆ
1
log2b´2ǫ´1pxq `
1
log3b´2´2ǫpxq `
1
log2ǫpxq `
1
logbpxq
˙
Therefore,
||λptq
ż 8
t
cosppt´ xq?ωq
ω
Bx
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
dx||L2pρpωλptq2qdωq
ď Cλptq
2
t2
ˆ
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq `
1
log2ǫptq `
1
logbptq
˙(5.40)
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which, when combined with (5.33), gives
||λptq
ż 8
t
sinppt´ xq?ωq?
ω
Fp?¨F4px, ¨λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq
ď Cλptq
2
t2
ˆ
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq `
1
log2ǫptq `
1
logbptq
˙(5.41)
The next integral to estimate is
λptq
ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqq1pωλpxq2q
“ ´λptqBt
`
Fp?¨F4pt, ¨λptqqq1pωλptq2q
˘
ω
´ λptq
ż 8
t
cosppt´ xq?ωq
ω
B2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
dx
(5.42)
First, we will estimate Fp?¨F4px, ¨λpxqqq21pωλpxq2q, which is one of the terms arising in the expres-
sion B2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
. We have
Fp?¨F4px, ¨λpxqqq21pωλpxq2q “ V I ` V II
where
V I “
ż 2?
ωλpxq
0
B22φpR,ωλpxq2q
?
RF4px,RλpxqqdR
V II “
ż 8
2?
ωλpxq
B22φpR,ωλpxq2q
?
RF4px,RλpxqqdR
We estimate V I directly, using (4.139), and estimates on φpr, ξq from [16]. This leads to
ω|V I| ď
$’’’’’’&’’’’’’%
C log2pxq
x2 logbpxqλpxq2 , ω ă
16
x2
Cgpxq2
x2 logbpxqλpxq4
´
1` λpxq2
gpxq2 logpxq logp2` 2?ωgpxqq
¯
, 16
x2
ă ω ă 4
gpxq2
C
λpxq2x2 logbpxq
´
1` 1
ωλpxq2
¯
, 4
gpxq2 ă ω ă 4λpxq2
C
λpxq10ω4x2 logbpxq ,
4
λpxq2 ă ω
On the other hand, to estimate V II, we will need to integrate by parts in R, when ω ą 4
λpxq2 ,
exactly like we needed to do in an analogous integral in [18]. In particular, we have
ω|V II| “ 0, ω ď 16
x2
ω|V II| ď C|apωλpxq
2q| logpxq
λpxq2x2 logbpxq
ˆ
logp2` 2?
ωgpxq q `
logpxq
logbpxq
˙
,
16
x2
ă ω ă 4
gpxq2
ω|V II| ď C|apωλpxq
2q|gpxq3{2
ω1{4λpxq4x2 logbpxq ,
4
gpxq2 ă ω ă
4
λpxq2
To estimate V II in the region ω ą 4
λpxq2 , we first use Lemma 4.7 of [16] to get, for R
2ξ ą 4,
φpR, ξq “ 2Re `apξqψ`pR, ξq˘
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and, using the properties of ψ` and a, we get
B22φpR, ξq “ 2Re
ˆ
apξq ¨ ´R2
4ξ5{4
eiR
?
ξσpR
a
ξ,Rq
˙
` Err
where
|Err| ď C |apξq|
ξ9{4
` C |apξq|R
ξ7{4
, R2ξ ě 4
Then, we integrate by parts in R for the term
ω
ż 8
2?
ωλpxq
´Re
ˆ
apωλpxq2q
2
R2
ω5{4λpxq5{2 e
iRλpxq?ωσpR?ωλpxq, Rq
˙?
RF4px,RλpxqqdR
which arises as part of w ¨ V II, exactly as we did in an analogous setting in [18]. This leads to
||ωV II||2L2pρpωλpxq2qdωq ď
Cgpxq3
λpxq9x4 log2bpxq
which then leads to
||´λptq
ż 8
t
cosppt´ xq?ωq
ω
¨4λpxq2λ1pxq2ω2Fp?¨F4px, ¨λpxqqq21pωλpxq2qdx||L2pρpωλptq2qdωq ď
Cλptq2
t3 log
3b
2
`ǫptq
The rest of the terms arising in the expression B2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
can be treated by
using the symbol-type nature of the estimates (4.139), along with the fact that B2xpF4px,Rλpxqqq is
still orthogonal to φ0pRq in L2pRdRq. This observation leads to
|| ´ λptq
ż 8
t
dx
cosppt´ xq?ωq
ω
Fp?¨B2x pF4px, ¨λpxqqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď Cλptq
2
t3
ˆ
1
logbptq `
1
log2ǫptq `
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq
˙(5.43)
and this finally gives
||λptq
ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď Cλptq
2
t3
ˆ
1
logbptq `
1
log2ǫptq `
1
log2b´2ǫ´1ptq `
1
log3b´2´2ǫptq
˙(5.44)
The final integral to treat in this section is
λptq ¨ ωλptq2 ¨
ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqqq1pωλpxq2q
“ ´λptqλptq2Bt
`
Fp?¨F4pt, ¨λptqqq1pωλptq2q
˘
´ λptq ¨
ż 8
t
λptq2 cosppt´ xq?ωqB2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2q
˘
dx
(5.45)
Here, most terms are treated exactly as previously. We will write out in detail how to estimate the
term λpxq4ω2Fp?¨F4px, ¨λpxqqq21pωλpxq2q, which is part of B2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2
˘
, and for
which we use a slightly different argument than previously. We start with
(5.46)
λpxq4ω2Fp?¨F4px, ¨λpxqqq21pωλpxq2q “ pξBξq˝pξBξq
`
Fp?¨F4px, ¨λpxqqq1pξq
˘´ξBξ `Fp?¨F4px, ¨λpxqqq1pξq˘ˇˇˇ
ξ“ωλpxq2
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Then, we use the transference identity, which leads to
λpxq4ω2Fp?¨F4px, ¨λpxqqq21pωλpxq2q
“ 1
4
´
FpRBRpRBRp
?
RF4px,Rλpxqqqqq1pωλpxq2q ´ π1 ˝KpFpRBRp
?
RF4px,Rλpxqqqqpωλpxq2q
` 2π1 ˝ rξBξ ,KsFp
?¨F4px, ¨λpxqqqpωλpxq2q
´ π1
ˆ
K
ˆ„
0
FpRBRp
?
RF4px,Rλpxqqqq1 ´ π1 ˝KpFp
?¨F4px, ¨λpxqqqq
˙˙˙
pωλpxq2q
` 1
2
´
FpRBRp
?
RF4px,Rλpxqqq1pωλpxq2q ´ π1 ˝KpFp
?¨F4px, ¨λpxqqqqpωλpxq2q
¯
(5.47)
where π1p
„
v0
v1

q “ v1. Using (4.139), and the boundedness properties of K, we get
||λpxq4ω2Fp?¨F4px, ¨λpxqq21pωλpxq2q||L2pρpωλpxq2qdωq ď
C
λpxqx2 logbpxq
We use the same procedure as before to estimate the other terms arising from B2x
`
Fp?¨F4px, ¨λpxqqq1pωλpxq2
˘
.
Finally, we note that
|λptq2BtpFp
?¨F4pt, ¨λptqqq1qpωλptq2q| ď C|BtpFp
?¨F4pt, ¨λptqqq1pωλptq2qq
ω
|`Cλptq3?ω|BtpFp
?¨F4pt, ¨λptqqqpωλptq2qq|
and both terms on the right-hand side of the above inequality have been previously estimated. In
total, we then get
||λptq `ωλptq2˘ ż 8
t
dx cosppt´ xq?ωqFp?¨F4px, ¨λpxqqq1pωλpxq2q||L2pρpωλptq2qdωq
ď Cλptq
2
t3
ˆ
1
log2b´2ǫ´1ptq `
1
log3b´2ǫ´2ptq `
1
log2ǫptq `
1
logbptq
˙(5.48)

5.5. F5 Estimates. In this section, we translate our estimates (4.105) and (4.106) using (5.7) and
(5.9), which gives
|Fp?¨F5px, ¨λpxqqq0| ď Cλpxq
3
x5 logb´2pxq
||Fp?¨F5px, ¨λpxqqq1pωλpxq2q||L2pρpωλpxq2qdωq ď
Cλpxq2
x5 logb´2pxq
||ωλpxq2Fp?¨F5px, ¨λpxqqq1pωλpxq2q||L2pρpωλpxq2qdωq ď
Cλpxq4 log2pxq
gpxq2 logbpxqx5
5.6. Setup of the iteration. Define T on Z by
T p
„
y0
y1

qpt, ωq “
«
´ ş8
t
ds
ş8
s
ds1 pF2,0 ` F p
?¨ pF3 ` F4 ` F5q ps1, ¨λps1qqq0qş8
t
dx
sinppt´xq?ωq?
ω
`
F2,1px, ωq ` F p
?¨ pF3 ` F4 ` F5q px, ¨λpxqqq1
`
ωλpxq2˘˘
ff
where we define F2,i by
F2 “
„
F2,0
F2,1

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and F p?¨ pF3 ` F4 ` F5q px, ¨λpxqqqi
`
ωλpxq2˘ is defined by
F
`?¨ pF3 ` F4 ` F5q px, ¨λpxqq˘ `ωλpxq2˘ “ „F p?¨ pF3 ` F4 ` F5q px, ¨λpxqqq0 `ωλpxq2˘
F p?¨ pF3 ` F4 ` F5q px, ¨λpxqqq1
`
ωλpxq2˘

Now, we can proceed with estimating T on B1p0q Ă Z. If
„
y0
y1

P B1p0q Ă Z, then, we combine all
of our previous estimates to get, for a constant C ą 0, independent of T0:
(5.49)
||T
ˆ„
y0
y1
˙
||Z ď C
ˆ
1
logb´ǫpT0q
` 1
logǫpT0q `
1
log2b´3ǫ´1pT0q
` 1
log3b´2´3ǫpT0q
˙
,
„
y0
y1

P B1p0q Ă Z
Next, we will prove a Lipshitz estimate on T restricted to B1p0q Ă Z. For this, it will be useful to
use the notation
vypt, Rλptqq “ 1?
R
F
´1
˜«
y0ptq
y1pt, ¨λptq2 q
ff¸
pRq
where
y “
«
y0ptq
y1pt, ¨λptq2 q
ff
Then, for y, z P B1p0q Ă Z, we have
F3pvyq´F3pvzq “ pvy´vzq
˜
6pQ 1
λptq
` vcorrqpvy ` vzq
r2
` 2
r2
pv2y ` vyvz ` v2zq `
6
r2
ˆ
pvcorr `Q 1
λptq
q2 ´Q2 1
λptq
˙¸
where, by a slight abuse of notation, we denote by F3pvyq the expression (5.2), with v “ vy, and
similarly for F3pvzq. This leads to
|| pF3pvyq ´ F3pvzqq px,Rλpxqq||L2pRdRq ď
Cλpxq2
x4 logǫpxq ||
„
y0 ´ z0
y1 ´ z1

||Z
ˆ
1
logǫpxq `
1
logbpxq
˙
||L˚L ppF3pvyq ´ F3pvzqqpt, ¨λptqqq ||L2pRdRq ď
Cλptq2
t4 logǫptq ||
„
y0 ´ z0
y1 ´ z1

||Z
ˆ
1
logǫptq `
1
logbptq
˙
Since F2 depends on y linearly, we get, for some C ą 0, independent of T0
||T
ˆ„
y0
y1
˙
´ T
ˆ„
z0
z1
˙
||Z ď C||y ´ z||Z
ˆ
1
logǫpT0q `
1
logbpT0q
˙
, y, z P B1p0q Ă Z
Combining this with (5.49), we get that there exists M ą 0 such that, for all T0 ąM , T is a strict
contraction on B1p0q Ă Z. If T0 ąM , then, by Banach’s fixed point theorem, T has a fixed point,
say yf “
„
yf,0
yf,1

P B1p0q Ă Z.
6. Decomposition of the solution as in Theorem 1.1
We define vf by
vf pt, rq :“
$’&’%
b
λptq
r
F´1
˜«
yf,0ptq
yf,1pt, ¨λptq2 q
ff¸´
r
λptq
¯
, r ą 0
0, r “ 0
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and note that vf pt, ¨q P C1pr0,8qq, by Lemma 5.1. By the derivation of (5.4), and the regularity of
elements in B1p0q Ă Z, upt, rq “ Q 1
λptq
prq ` vcpt, rq `wcpt, rq ` vf pt, rq solves (1.1). It now remains
to estimate the energy of vc ´ v1 `wc ` vf . For example, for v2, we have
v2pt, rq “
ż 8
t
v2,spt, rqds
where v2,s solves $’&’%
´Bttv2,s ` Brrv2,s ` 1rBrv2,s ´ 4r2 v2,s “ 0
v2,sps, rq “ 0
Btv2,sps, rq “ RHS2ps, rq
By using ˆ
Bx ` 2
x
˙
J2pxq “ J1pxq
and the representation formula for v2,s using the Hankel transform of order 2, namely
v2,spt, rq “
ż 8
0
dξJ2prξq sinppt´ sqξq{RHS2ps, ξq
we can justify the energy estimate
||Btv2,spt, rq||L2prdrq ` ||
ˆ
Br ` 2
r
˙
v2,spt, rq||L2prdrq ď C||RHS2ps, rq||L2prdrq
exactly as was done in [18] for the correction denoted by v4 in that work. Then, we have
(6.1)
ż 8
0
ˆˆ
Br ` 2
r
˙
v2,spt, rq
˙2
rdr “
ż 8
0
pBrv2,spt, rqq2 rdr `
ż 8
0
4v22,s
r2
rdr ` 2
ż 8
0
Br
`
v22,s
˘
dr
Even though the pointwise estimates we recorded for v2,s do not imply that v2,spt, rq Ñ 0, r Ñ8,
we can prove that limrÑ8 v2,spt, rq “ 0 by the Dominated convergence theorem, applied to the
spherical means formula for v2,s (for instance, the analog of the formula (4.51)). Then, the last
integral in the expression above is zero, and we get
||Btv2,spt, rq||L2prdrq ` ||v2,sptq|| 9H1e ď C||RHS2ps, rq||L2prdrq
Using Minkowski’s inequality, we then get
||Btv2pt, rq||L2prdrq ` ||v2ptq|| 9H1e ď C
ż 8
t
ds||RHS2ps, rq||L2prdrq
This same procedure can be applied for vk and all wk. We recall that vc ´ v1 “
ř8
k“2 vk. We then
get
||Bt pvc ´ v1q pt, rq||L2prdrq ` || pvc ´ v1q ptq|| 9H1e ď
C
log2b´1ptq
and
||Btwcpt, rq||L2prdrq ` ||wcptq|| 9H1e ď
Cλptq2
gptqt logbptq
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Finally, exactly as in [18], the transference identity of [16] gives
||B1vf pt, Rλptqq||L2pRdRq ď
C|λ1ptq|
λptq ||F
´1
˜«
yf,0ptq
yf,1pt, ¨λptq2 q
ff¸
||L2pdRq ` C||F´1
˜«
y1f,0ptq
B1yf,1pt, ¨λptq2 q
ff¸
||L2pdRq
` C|λ
1ptq|
λptq ||F
´1
˜
K
˜«
yf,0ptq
yf,1pt, ¨λptq2 q
ff¸¸
||L2pdRq
(6.2)
Therefore, we get
||B1vf pt, rq||L2prdrq ď
Cλptq3
t3 logǫptq
||vf pt, rq|| 9H1e “ ||vf pt, ¨λptqq|| 9H1e ď Cp||Lpvf pt, Rλptqqq||L2pRdRq ` ||vf pt, Rλptqq||L2pRdRq ď
Cλptq2
t2 logǫptq
Next, we use the pointwise estimates recorded in the previous sections to get
||vcpt, ¨q `wcpt, ¨q||L8 ď C
logbptq
For vf , we have
||vf pt, ¨q||L8 ď ||vf pt, ¨λptqq|| 9H1e ď
Cλptq2
t2 logǫptq
We also need to verify that
||Btv1pt, rq||L2prdrq ` ||v1pt, ¨q|| 9H1e ă 8
This can be done by noting that
||Btv1||2L2prdrq ` ||
ˆ
Br ` 2
r
˙
v1||2L2prdrq “ ||yv1,1pξq||2L2pξdξq
which can be seen, for example using the formula
v1pt, rq “
ż 8
0
dξJ2prξq sinptξqyv1,1pξq
Then, we use the same observation as in (6.1), and the fact that b ą 2
3
, which shows that yv1,1pξq P
L2pξdξq, to conclude
||Btv1pt, rq||L2prdrq ` ||v1pt, ¨q|| 9H1e ă 8
Finally, we can verify that our solution has finite energy, by noting that
EYM pu, Btuq ď C
ˆ
||Btupt, rq||2L2prdrq ` ||Bru||2L2prdrq `
ż 8
0
rdr
r2
´
1´Q 1
λptq
prq2
¯2 ` ż 8
0
rdr
r2
pvc `wc ` vf q2
˙
where we used the fact that
||vcpt, ¨q ` wcpt, ¨q ` vf pt, ¨q||L8 Ñ 0, as tÑ8
Also, we have
||Bt pvc ´ v1 ` vf ` wcq ||L2prdrq ` ||vc ´ v1 ` vf `wc|| 9H1e ď
C
log2b´1ptq
which finishes the verification of the energy-related statements in theorem 1.1.
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